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Appendix A: Table of Notations

Table 2 Notations
M : set of suppliers;M= { i : i = 1, ∙ ∙ ∙ ,m};
N : set of demand classes;N = { j : j = 1, ∙ ∙ ∙ , n};
θi

t : advance supply signal for supplieri in periodt, θt = (θ1
t , θ2

t , ∙ ∙ ∙ , θm
t );

T : planning horizon;T = { t : t = 1, . . . , T };
Ki

t : capacity of supplieri in periodt, Kt = (K1
t ,K2

t , ∙ ∙ ∙ ,Km
t );

Dj
t : demand from demand classj in periodt, Dt = (D1

t ,D2
t , ∙ ∙ ∙ ,Dn

t );
[Dt]

j
1 : =

∑j
k=1 Dk

t ;
[Kt]

i
1 : =

∑i
k=1 Kk

t ;
It : starting inventory level in periodt;
xi

t : order quantity from supplieri in periodt, xt = (x1
t , x

2
t , ∙ ∙ ∙ , xm

t );
|xt| : total procurement quantity in periodt, i.e.,|xt|=

∑m
i=1 xi

t;
yj

t : selling quantity to demand classj in periodt, yt = (y1
t , . . . , yn

t );
|yt| : total selling quantity in periodt, i.e.,|yt|=

∑n
j=1 yj

t ;
Jt : post-delivery inventory level in periodt, Jt = It + |xt|;
ci

t : unit purchasing cost of supplieri in periodt, ct = (c1
t , c

2
t , ∙ ∙ ∙ , cm

t );
r̃j

t : unit marginal revenue of demand classj in periodt, r̃t = (r̃1
t , r̃2

t , ∙ ∙ ∙ , r̃n
t );

bj
t : unit rejection cost of demand classj in periodt, bt = (b1

t , b
2
t , ∙ ∙ ∙ , bn

t );
rj

t : unit effective marginal revenue of demand classj in periodt, rj
t = r̃j

t + bj
t , rt = (r1

t , r2
t , ∙ ∙ ∙ , rn

t );
ht(∙) : inventory (holding and shortage) cost in periodt;

Vt(It,Kt, θt) : maximal total profits in periods{t, t−1, ∙ ∙ ∙ ,1}, given state(It,Kt, θt) in periodt;
Ht(It, xt, θt) : maximal total profits in periods{t, t−1, ∙ ∙ ∙ ,1}, given state(It, θt) and procurement decisionxt;

Wt(Jt,Dt, θt) : maximal total profits in periods{t, t−1, ∙ ∙ ∙ ,1}, given stateθt, post-delivery inventory levelJt, and demandDt;
Gt(Jt, yt, θt) : maximal total profits in periods{t, t−1, ∙ ∙ ∙ ,1}, given stateθt, post-delivery inventory levelJt, and selling decisionyt;

xi∗
t (It,Kt, θt) : optimal order quantity from supplieri in periodt, given(It,Kt, θt);

yj∗
t (Jt,Dt, θt) : optimal selling quantity to demand classj in periodt, given(Jt,Dt, θt);

αi
t(θt) : optimal base-stock level for supplieri in periodt, given stateθt;

βj
t (θt) : optimal demand rationing level for demand classj in periodt, given stateθt;

≤s.d. (≥s.d.) : first-order stochastic dominance;
≤cx (≥cx) : convex order;

1A : indicator function of eventA;
a+ : = max{a,0};
a− : = max{−a,0}.

Appendix B: Concavity and Supermodularity

The following lemma summarizes the properties of concave functions and supermodular functions necessary for establishing our

structural results. Its proof can be found in Boyd and Vandenberghe (2004), Topkis (1998), and Simchi-Levi et al. (2005).

LEMMA 2. (i) Defineh ◦ g(x) = h(g1(x), . . . , gm(x)), with h : Rm → R, gi : Rn → R, i = 1, . . . ,m. Thenh ◦ g(x) is

concave ifh is concave and nondecreasing in each argument, andgi is concave for eachi.

(ii) If h : Rm → R is a concave function, thenh(Ax + b) is also a concave function ofx, whereA ∈ Rm ×Rn, x ∈ Rn, and

b∈Rm.

(iii) Assume that for anyx∈Rn, there is an associated convex setC(x)⊂Rm and

{ (x, y) : y ∈C(x), x∈Rn } is a convex set. Ifh(x, y) is concave and the functiong(x) = supy∈C(x) h(x, y) is well defined, then

g(x) is concave overRn.
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(iv) If f(x) andg(x) are concave [supermodular] onX andα,β > 0, thenαf(x) + βg(x) is concave [supermodular] onX.

(v) Assume thatf(x, y) is concave [supermodular] inx on a convex set [lattice]X for eachy ∈ Y . LetZ be a random variable

onY and, for eachx∈X, f(x,Z) is integrable. Theng(x) = EZ [f(x,Z)] is concave [supermodular] inx onX.

(vi) If X andY are lattices,S is a sublattice ofX × Y , Sy is the section ofS at y in Y , andf(x, y) is supermodular in(x, y)

onS, thenargmaxx∈Sy
f(x, y) is increasing iny on{y ∈ Y : argmaxx∈Sy

f(x, y) 6= ∅}.

(vii) Suppose thatY is a convex subset ofR1, X is a sublattice ofRn, ai > 0 for i = 1, . . . , n,
∑n

i=1 aixi ∈ Y for x ∈ X. If

g(y) is concave iny onY , thenf(x) := g(
∑n

i=1 aixi) is submodular inx onX.

(viii) Suppose thatY is a convex subset ofR1, X is a sublattice ofR2, a1 > 0 anda2 < 0,
∑2

i=1 aixi ∈ Y for x∈X. If g(y) is

concave iny onY , thenf(x) := g(
∑2

i=1 aixi) is supermodular inx onX.

The following lemma on the preservation of supermodularity/submodularity is central to the proof of our analytical results.

LEMMA 3. (i) If V (I,K) : R1 × Rm → R is supermodular [submodular] in(I,Ki) for i = 1,2, ∙ ∙ ∙ ,m, and Ki(θ)

is increasing in θ ∈ R for i = 1,2, ∙ ∙ ∙ ,m, then V (I,K(θ)) is supermodular [submodular] in(I, θ), where K(θ) :=

(K1(θ),K2(θ), ∙ ∙ ∙ ,Km(θ)).

(ii) If, for i = 1,2, ∙ ∙ ∙ ,m, V (I,K) :R1 ×Rm →R is supermodular [submodular] in(I,Ki) andKi(θ1)≥s.d. Ki(θ2) for all

θ1 ≥ θ2 (θ1, θ2 ∈R), thenE[V (I,K(θ))] is supermodular [submodular] in(I, θ), whereK(θ) := (K1(θ),K2(θ), ∙ ∙ ∙ ,Km(θ)).

(iii) (Corollary 1 in Chen et al. 2013) Assume thatg(y, θ) is a supermodular function in(y, θ) on a sublatticeD⊂Rn+1 and

jointly concave iny for any θ. For everyθ, assume that the sectionDθ is convex. Letf(I, θ) := maxy{g(y, θ) :
∑n

i=1 aiy
i +

bθ = I, (y1, y2, ∙ ∙ ∙ , yn, θ) ∈ D} andS := {(
∑n

i=1 aiy
i + bθ, θ) : (y, θ) ∈ D}, wherea1, a2, ∙ ∙ ∙ , an, b ≥ 0. We have:f(I, θ) is

supermodular onS and concave inI for anyθ.

(iv) If g(I, θ) is supermodular [submodular] in(I, θ) and concave inI, then

f(I, θ) := max
ai≤yi≤bi,1≤i≤n

g(I −
∑n

i=1 yi, θ) + c ∙ y

is also supermodular [submodular] in(I, θ) and, for anyθ, concave inI, wherec = (c1, c2, ∙ ∙ ∙ , cn) is a constant vector.

(v) Supposeg1(I) andg2(I) are continuously differentiable and concave inI, with g′
2(I)≥ g′

1(I) for anyI. Let

fj(I) := max
ai≤yi≤bi,1≤i≤n

gj(I −
∑n

i=1 yi) + cj ∙ y, for j = 1,2,

wherecj = (c1
j , c

2
j , ∙ ∙ ∙ , cn

j ) is a constant vector, withci
2 ≥ ci

1 for any1≤ i≤ n. We havef ′
2(I)≥ f ′

1(I) for anyI.

Appendix C: Proofs

Proof of Lemma 3

Part (i). We only show the supermodularity part, whereas the submodularity part follows from the same argument. Assume that

V (I,K) is supermodular in(I,Ki) for i = 1,2, ∙ ∙ ∙ ,m. ForI1 < I2 andθ1 < θ2, we have

V (I2,K(θ1))−V (I1,K(θ1)) = V (I2,K
1(θ1),K

2(θ1), . . . ,K
m(θ1))−V (I1,K

1(θ1),K
2(θ1), ∙ ∙ ∙ ,Km(θ1))

≤ V (I2,K
1(θ2),K

2(θ1), ∙ ∙ ∙ ,Km(θ1))−V (I1,K
1(θ2),K

2(θ1), ∙ ∙ ∙ ,Km(θ1))
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∙ ∙ ∙

≤ V (I2,K
1(θ2),K

2(θ2), . . . ,K
m(θ2))−V (I1,K

1(θ2),K
2(θ2), . . . ,K

m(θ2))

= V (I2,K(θ2))−V (I1,K(θ2)),

where, for any i, the ith inequality holds since V is supermodular in (I,Ki) for given K−i(θ1) :=

(K1(θ1),K
2(θ1), ∙ ∙ ∙ ,Ki−1(θ1),K

i+1(θ1), ∙ ∙ ∙ ,Km(θ1)), andKi(θ) is increasing inθ. This completes the proof ofpart (i) .

Part (ii). We only show the supermodularity part, whereas the submodularity part follows from the same argument. Assume

thatV (I,K) is supermodular in(I,Ki) for i = 1,2, ∙ ∙ ∙ ,m. For I1 < I2 andθ1 < θ2, since, for eachi = 1,2, ∙ ∙ ∙ ,m, Ki(θ) is

stochastically increasing inθ, there exist two random vectorŝK(θ1) andK̂(θ2) defined on the same probability space, such that

K(θ1) =d K̂(θ1) andK(θ2) =d K̂(θ2), andK̂(θ1)≤ K̂(θ2) with probability 1. Therefore, we have:

EV (I2,K(θ1))−EV (I1,K(θ1)) = EV (I2, K̂(θ1))−EV (I1, K̂(θ1))

≤ EV (I2, K̂(θ2))−EV (I1, K̂(θ2))

= EV (I2,K(θ2))−EV (I1,K(θ2)),

where the equalities follow from the construction and the inequality follows from the supermodularity ofV (I,K(θ)) in (I, θ) and

K̂(θ1)≤ K̂(θ2) with probability 1.

Part (iii). See Chen et al. (2013).

Part (iv). To show the concavity and supermodularity/submodularity off(∙, ∙), we invokepart (iii) . If g(I, θ) is supermodular

in (I, θ) and, for anyθ, concave inI, by part (iii) , f(I, θ) = maxy{g(y0, θ) + c ∙ y :
∑n

i=0 yi = I, yi ∈ [ai, bi] for 1≤ i≤ n} is

also supermodular in(I, θ) and, for anyθ, concave inI.

If g(I, θ) is submodular in(I, θ) and, for anyθ, concave inI, g0(I, θ) := g(−I, θ) is supermodular in(I, θ) and, for anyθ,

concave inI. Let f0(I, θ) := f(−I, θ), so

f0(I, θ) = max
ai≤yi≤bi,1≤i≤n

{g(−I −
∑n

i=1 yi, θ) + c ∙ y}

= max
ai≤yi≤bi,1≤i≤n

{g0(I +
∑n

i=1 yi, θ) + c ∙ y}

= max
−bi≤yi≤−ai,1≤i≤n

{g0(I −
∑n

i=1 yi, θ)− c ∙ y}

is supermodular in(I, θ) and, for anyθ, concave inI. Therefore,f(I, θ) = f0(−I, θ) is submodular in(I, θ) and, for anyθ,

concave inI.

Part (v). Let g(I, θ) := gθ(I) andf(I, θ) := fθ(I). g′
2(I)≥ g′

1(I) implies thatg(I, θ) is supermodular in(I, θ) and, for anyθ,

concave inI. By the envelope theorem,f(I, θ) is continuously differentiable inI for anyθ. Therefore, bypart (iii) ,

f(I, θ) = max
y

{g(y0, θ) + cθ ∙ y :
∑n

i=0 yi = I, yi ∈ [ai, bi] for 1≤ i≤ n} is supermodular in(I, θ).

Hence,f ′
2(I) = ∂If(I,2)≥ ∂If(I,1) = f ′

1(I) for anyI.
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Proof of Theorem 1

We show the concavity and differentiability of the functionsHt(∙, ∙, θt), Gt(∙, ∙, θt), Vt(∙, ∙, θt) andWt(∙, ∙, θt) for any givenθt

together by backward induction. Fort = 0, Vt(∙, ∙, ∙) = 0, so the initial condition holds.

Suppose that the joint concavity holds fort−1. We will show that it also holds fort. Fix an advance supply signalθt. First

considerGt(Jt, yt, θt): the first termrt ∙ yt is a linear function ofyt and hence jointly concave in(Jt, yt) by part (iv) of Lemma

2; the second term−ht(Jt − |yt|) is the composition of a concave function−ht(∙) and an affine function(Jt − |yt|) of (Jt, yt),

thus jointly concave in(Jt, yt) by part (ii) of Lemma 2; the concavity of the third term, for givenθt, γEKt−1,θt−1 [Vt−1(Jt −

|yt|,Kt−1(θt), θt−1)|θt], follows from the induction hypothesis, part (ii) and part (v) of Lemma 2. Since summation preserves

concavity (Lemma 2(iv)), we conclude thatGt(Jt, yt, θt) is jointly concave in(Jt, yt) for any θt. Since concavity is preserved

under maximization (Lemma 2(iii)),max0≤yt≤Dt Gt(Jt, yt, θt) is jointly concave in(Jt,Dt) for eachθt, and so isWt(Jt,Dt, θt).

By a similar argument, the concavity ofHt(∙, ∙, θt) andVt(∙, ∙, θt) follows analogously. This completes the induction step for the

proof of concavity.

Next, we show the differentiability. Suppose that the differentiability holds for periodt−1. We will show that it also holds

for period t. For fixedθt, the differentiability ofGt(∙, ∙, θt) follows from the induction hypothesis and the differentiability of

ht(∙), while that ofW (∙, ∙, θt) follows from the envelope theorem. Analogously, the differentiability ofHt(∙, ∙, θt) follows from

that ofWt(∙, ∙, θt), whereas that ofVt(∙, ∙, θt) follows from the envelope theorem. This completes the induction step for proof of

differentiability.

Now we show thatVt(It,Kt, θt) is increasing inKt. This is readily verified because, for anyKt ≤K′
t, any feasible procurement

decisionxt under realized capacity vectorKt must also be feasible underK′
t. Hence,

Vt(It,Kt, θt) = max
0≤xt≤Kt

Ht(It, xt, θt)≤ max
0≤xt≤K′

t

Ht(It, xt, θt)≤ Vt(It,K
′
t, θt).

Proof of Theorem 2

Forpart (i) , the inequalities follow directly from the concavity and differentiability ofWt(∙, θt) andc1
t < c2

t < ∙ ∙ ∙< cm
t .

For parts (ii) and (iii) , we first show thatit is well-defined. IfIt + |Kt| ≤ αm
t (θt), it = m. Otherwise,{It + [Kt]

i
1}i∈M is

increasing ini, and{αi
t(θt)}i∈M is decreasing ini. Thus,it = min{i ∈M : It + [Kt]

i
1 ≥ αi

t(θt)} exists and is unique. LetJ∗
t =

It + |x∗
t (It,Kt, θt)| denote the optimal post-delivery inventory level. We now show that, ifxi∗

t (It,Kt, θt) > 0, xj∗
t (It,Kt, θt) =

Kj
t for all j < i. Sincexi∗

t (It,Kt, θt) > 0,

∂JtWt(J
∗
t , θt)− cj

t > ∂JtWt(J
∗
t , θt)− ci

t ≥ 0, for all j < i.

Hence,xj∗
t (It,Kt, θt) = Kj

t for all j < i. In particular, ifxit∗
t (It,Kt, θt) > 0, xi∗

t (It,Kt, θt) = Ki
t for all i < it. Otherwise,

xit∗
t (It,Kt, θt) = 0, J∗

t ≤ It + [Kt]
it−1
1 . In this case, we have∂JtWt(J

∗
t , θt)− ci

t ≥ 0, for all i≤ it−1. Hence,xi∗
t (It,Kt, θt) =

Ki
t for all i ≤ it − 1. If i > it, ∂JtWt(J

∗
t , θt) − ci

t ≤ ∂JtWt(It + [Kt]
it
1 , θt) − cit+1

t < 0, by the definition ofit. Hence,

xi∗
t (It,Kt, θt) = 0 for i > it. If i = it, it is optimal to order, from supplieri, up toαi

t(θt), but constrained by its capacityKi
t . Since

xi∗
t (It,Kt, θt) = Ki

t for all i≤ it−1, xit∗
t (It,Kt, θt) = min{αi

t(θt)− It − [Kt]
it−1
1 ,Ki

t}.
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Proof of Theorem 3

The proof is analogous to that of Theorem 2 and hence omitted for brevity.

Proof of Theorem 4

For part (i) , since (11) implies (10), we only show (11). We first observe that ifi < it, αi
t(θt) − It − [Kt]

i−1
t > Ki

t ; if i >

it, αi
t(θt) − It − [Kt]

i−1
t < 0. Therefore,xi∗

t (It,Kt, θt) = min{(αi
t(θt) − It − [Kt]

i−1
t )+,Ki

t} for all i ∈ M. It’s clear that

xi∗
t (It,Kt, θt) is decreasing inIt for all i∈M. Hence,|x∗

t (It + δ,Kt, θt)| ≤ |x∗
t (It,Kt, θt)|.

To prove the other inequality in (11), we first show thatxi∗
t (It + δ,Kt, θt) ≥ xi∗

t (It,Kt, θt)− δ for all i ∈M and anyδ > 0.

For anyδ > 0,

xi∗
t (It + δ,Kt, θt) =min{(αi

t(θt)− It − δ − [Kt]
i−1
t )+,Ki

t}

≥min{(αi
t(θt)− It − [Kt]

i−1
t )+ − δ,Ki

t}

≥min{(αi
t(θt)− It − [Kt]

i−1
t )+,Ki

t}− δ

=xi∗
t (It,Kt, θt)− δ,

(25)

where the first inequality follows from(a + δ)+ − a+ ≤ δ for any δ > 0, and the second frommin{a + δ, k} − min{a,k} ≤ δ

for anyδ > 0. Note that, forδ > 0 small enough, there is at most onei, such thatxi∗
t (It + δ,Kt, θt) 6= xi∗

t (It,Kt, θt). Therefore,

for anyδ > 0, there exists a partitionIt = It + δ0 < It + δ1 < It + δ2 < ∙ ∙ ∙ < It + δk = It + δ of [It, It + δ], such that for any

δ′, δ′′ ∈ [δl, δl+1], x
il∗
t (It +δ′′,Kt, θt) 6= x

il∗
t (It +δ′,Kt, θt) andxi∗

t (It +δ′′,Kt, θt) = xi∗
t (It +δ′,Kt, θt) for i 6= il. Therefore,

|x∗
t (It + δ,Kt, θt)|=|x∗

t (It,Kt, θt)| −
∑k−1

l=0 (|x∗
t (It + δl,Kt, θt)| − |x∗

t (It + δl+1,Kt, θt)|)

≥|x∗
t (It,Kt, θt)| −

∑k−1
l=0 (δl+1 − δl)

=|x∗
t (It,Kt, θt)| − δ,

where the inequality follows from (25), i.e., (11) follows.

Part (ii) follows from the same argument aspart (i) except thatyj∗
t (Jt,Dt, θt) = min{(Jt − [Dt]

j−1
1 −βj

t (θt))
+,Dj

t}, so we

omit its proof.

Before giving the proofs of Lemma 1 and Theorem 5, we present the proofs of Theorem 7 and Theorem 9 first.

Proof of Theorem 7

Part (i). We prove this part by backward induction. SinceṼ0(∙, ∙, ∙) = V0(∙, ∙, ∙) = 0, the initial condition is satisfied. It suffices to

show that ifṼs(Is,Ks, θs)≤ Vs(Is,Ks, θs) for s = t−1 andKi
t−1(θt)≤cx K̃i

t−1(θt) for all i∈M, Ṽt(It,Kt, θt)≤ Vt(It,Kt, θt).

SinceṼs(Is,Ks, θs)≤ Vs(Is,Ks, θs) for s = t−1 andṼs(Is,Ks, θs) andVs(Is,Ks, θs) are concave inKs,

Ṽs(Is|θt) = EK̃s,θs
[Ṽs(Is,Ks, θs)|θt]≤ EKs,θs [Ṽs(Is,Ks, θs)|θt]≤ EKs,θs [Vs(Is,Ks, θs)|θt] = Vs(Is|θt), for s = t−1.

Since monotonicity is preserved under maximization and expectation,G̃t(Jt, yt, θt) ≤ Gt(Jt, yt, θt), W̃t(Jt,Dt, θt) ≤

Wt(Jt,Dt, θt), H̃t(It, xt, θt)≤Ht(It, xt, θt) andṼt(It,Kt, θt)≤ Vt(It,Kt, θt). This completes the proof ofpart (i) .

Part (ii). If It + |Kt| ≤ αm
t (θt), the total optimal post-delivery inventory levelJ∗

t (It,Kt, θt) := It + |x∗
t (It,Kt, θt)| =

It + |Kt| is increasing inKi
t for any i ∈ M. If It + |Kt| > αm

t (θt), J∗
t (It,Kt, θt) equals toαit

t (θt). Moreover, since{It +
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[Kt]
i
1} is increasing inKj

t for any j, it is decreasing inKi
t for any i by the definition ofit. Becauseαi

t(θt) is decreasing in

i, αit
t (θt) is increasing inKi

t for any i. Therefore,J∗
t (It,Kt, θt) is increasing inKi

t for any i ∈ M. By the envelope theo-

rem, ∂ItVt(It,Kt, θt) = ∂JtWt(J
∗
t (It,Kt, θt), θt), which is decreasing inJ∗

t (It,Kt, θt) by the concavity ofWt(∙, θt). Thus,

∂ItVt(It,Kt, θt) is decreasing inKi
t for anyi∈M, i.e.,Vt(It,Kt, θt) is submodular in(It,K

i
t) for anyi∈M.

We now show that∂JtW̃t(Jt, θt) ≤ ∂JtWt(Jt, θt), ∂It−1 Ṽt−1(It−1|θt) ≤ ∂It−1Vt−1(It−1|θt), and ∂It Ṽt(It,Kt, θt) ≤

∂ItVt(It,Kt, θt) by backward induction. We will show that if∂Is Ṽs(Is,Ks, θs) ≤ ∂IsVs(Is,Ks, θs) for s = t − 1 and

Ki
t−1(θt) ≤s.d. K̃i

t−1(θt) for eachi ∈M, ∂Is Ṽs(Is|θt) ≤ ∂IsVs(Is|θt), ∂JtW̃t(Jt, θt) ≤ ∂JtWt(Jt, θt) and∂It Ṽt(It,Kt, θt) ≤

∂ItVt(It,Kt, θt). SinceṼ0(∙, ∙, ∙) = V0(∙, ∙, ∙) = 0, the initial condition is satisfied. Since∂Is Ṽs(Is,Ks, θs) ≤ ∂IsVs(Is,Ks, θs),

Ṽs(Is,Ks, θs) andVs(Is,Ks, θs) are submodular in(Is,K
i
s) for eachi∈M, the proof of Lemma 3(ii) yields that:

∂Is Ṽs(Is|θt) = EK̃s,θs
[∂Is Ṽs(Is,Ks, θs)|θt]≤ EKs,θs [∂Is Ṽs(Is,Ks, θs)|θt]≤ EKs,θs [∂IsVs(Is,Ks, θs)|θt] = ∂IsVs(Is|θt).

Moreover, by the concavity of̃Vs(∙|θt) andVs(∙|θt) and Lemma 3(v),∂Is Ṽs(Is|θt) ≤ ∂IsVs(Is|θt) implies that∂JtW̃t(Jt, θt) ≤

∂JtWt(Jt, θt) and, by the concavity of̃Wt(∙, θt) andWt(∙, θt) and Lemma 3(v),∂It Ṽt(It,Kt, θt)≤ ∂ItVt(It,Kt, θt). This estab-

lishespart (ii) .

Part (iii). By (6), the inequalitỹαi
t(θt) ≤ αi

t(θt) follows from ∂JtW̃t(Jt, θt) ≤ ∂JtWt(Jt, θt) and the concavity of̃Wt(∙, θt)

andWt(∙, θt). By the proof of Theorem 4,

x̃i∗
t (It,Kt, θt) = min{(α̃i

t(θt)− [K]i−1
t − It)

+,Ki
t} ≤min{(αi

t(θt)− [K]i−1
t − It)

+,Ki
t}= xi∗

t (It,Kt, θt), for anyi∈M.

Analogously, by (8), the inequalitỹβi
t(θt) ≤ βi

t(θt) follows from ∂It−1 Ṽt−1(It−1|θt) ≤ ∂It−1Vt−1(It−1|θt) and the concavity of

−ht(∙), Ṽt−1(∙|θt), andVt−1(∙|θt). By the proof of Theorem 4,

ỹj∗
t (Jt,Dt, θt) = min{(Jt − [D]j−1

t − β̃j
t (θt))

+,Dj
t} ≥min{(Jt − [D]j−1

t −βj
t (θt))

+,Dj
t}= yj∗

t (Jt,Dt, θt), for anyj ∈N .

This establishespart (iii) .

Theorem 9 and its Proof

We now characterize the optimal policy in the model with stationary forecast (see Section 5.1 for details). LetV̂t−1(It−1) :=

EKt−1 [V̂t−1(It−1,Kt−1)] and

Ŵt(Jt) := EDt{ max
0≤yt≤Dt

[
n∑

j=1

rj
t y

i
t −ht(Jt − |yt|) + γEKt−1(V̂t−1(Jt − |yt|,Kt−1))]−

n∑

j=1

bj
tD

j
t}.

THEOREM 9. (i) V̂t(It,Kt) is concave and continuously differentiable inIt for anyKt, and is submodular in(It,K
i
t), ∀i∈M.

(ii) Let

α̂i
t := min{Jt ∈R : ci

t ≥ ∂JtŴt(Jt)}, i∈M,

whereα̂i
t :=−∞ if {Jt ∈R : ci

t < ∂JtŴt(Jt)}= ∅. {α̂i
t}i∈M are independent of the starting inventory levelIt and capacityKt,

and decreasing ini∈M. The optimal procurement decision is

x̂i∗
t (It,Kt) = Ki

t ∙1{i<ît}
+ min{α̂i

t − It − [Kt]
i−1
1 ,Ki

t} ∙1{i=ît}
, i∈M, (26)
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wherêit := m ∙1{It+|Kt|≤α̂m
t } + min{i : It + [Kt]

i
1 ≥ α̂i

t} ∙1{It+|Kt|>α̂m
t }.

(iii) Let

β̂j
t := min{It−1 ∈R : rj

t ≥−∂It−1ht(It−1) + γ∂It−1 V̂t−1(It−1)}, j ∈N ,

whereβ̂j
t := −∞ if {It−1 ∈ R : rj

t < −∂It−1ht(It−1) + γ∂It−1 V̂t−1(It−1)} = ∅. {β̂j
t }j∈N are independent of the post-delivery

inventory levelJt and realized demandDt, and increasing inj ∈N . The optimal selling decision is

ŷj∗
t (Jt,Dt) = Dj

t ∙1{j<ĵt}
+ min{Jt − [Dt]

j−1
1 − β̂j

t ,Dj
t} ∙1{j=ĵt}

, j ∈N , (27)

whereĵt := n ∙1{Jt−|Dt|≥β̂n
t } + min{j : Jt − [Dt]

j
1 ≤ β̂j

t } ∙1{Jt−|Dt|<β̂n
t }.

Part (i) follows from the same argument as the proof of Theorem 1 and Theorem 7(ii).Part (ii) [part (iii) ] follows from the

same argument as the proof of Theorem 2 [Theorem 3]. Hence, we omit the proof ofTheorem 9.

Proof of Lemma 1

Let Ξi be the set of all advance supply signals for supplieri. Without loss of generality, we assume thatΞi is compact for eachi. We

takeθ̄i
t = max{Ξi} andθi

t = min{Ξi}. Let {θ̂t}t∈T be i.i.d. random vectors with the stationary distribution of{θt}t∈T . Since

Θi
t(θ

i
t) are stochastically increasing inθi

t for anyi∈M, conditioned onθt∗ = θ̄t∗ , θi
t ≥s.d. θ̂i

t for t≤ t∗ andi∈M. Analogously,

conditioned onθt∗ = θt∗ , θ̂i
t ≥s.d. θi

t for t ≤ t∗ andi ∈M. SinceKi
t(θ

i
t) is stochastically increasing inθi

t for anyi ∈M, condi-

tioned onθt∗ = θ̄t∗ , Ki
t ≥s.d. Ki

t, for t≤ t∗ and anyi∈M; and, conditioned onθt∗ = θt∗ ,Ki
t ≥s.d. Ki

t , for t≤ t∗ and anyi∈M.

By Theorem 7(ii) and Theorem 9(i), bothVt(It,Kt, θt) andV̂t(It,Kt) are submodular in(It,K
i
t) for anyi ∈M. Therefore, we

show inequality (15) by backward induction, with the same argument as the proof of Theorem 7(ii). More specifically, we show that,

for anyt ≤ t∗, if ∂IsEKs V̂s(Is,Ks) ≥ ∂IsEKs,θs [Vs(Is,Ks, θs)|θt∗ = θ̄t∗ ] for s = t−1 andKi
t ≥s.d. Ki

t for all i ∈M, then we

have∂ItEKt V̂t(It,Kt) ≥ ∂ItEKt,θt [Vt(It,Kt, θt)|θt∗ = θ̄t∗ ]; and if ∂IsEKs V̂s(Is,Ks) ≤ ∂IsEKs,θs [Vs(Is,Ks, θs)|θt∗ = θt∗ ]

for s = t−1 andKi
t ≥s.d. Ki

t for all i ∈M, then we have∂ItEKt V̂t(It,Kt) ≤ ∂ItEKt,θt [Vt(It,Kt, θt)|θt∗ = θt∗ ]. The above

two backward inductions follow from the same argument as the proof of Theorem 7(ii). We omit their proofs for brevity. This

establishes Lemma1.

Proof of Theorem 5

By Lemma 1, Theorem 5 follows from the same argument as the proof of Theorem7(ii,iii).

Proof of Theorem 6

Part (i). We prove this part by backward induction. Because,Θi
t−1(θ

i
t) is stochastically increasing inθi

t for anyi ∈M, it suffices

to show that, for anyt ∈ T andi ∈M, if Vs(Is,Ks, θs) is increasing inθi
s for s = t−1, Vt(It,Kt, θt) is increasing inθi

t. Since

V0(∙, ∙, ∙) = 0, the initial condition is satisfied. Assume thatVs(Is,Ks, θs) is increasing inθi
s for s = t−1 and anyi ∈ M. By

Theorem 1(ii),Vs(Is,Ks, θs) is increasing inKi
s for anyi∈M ands = t−1. SinceKi

t(θt) is stochastically increasing inθt for all

i, Vt−1(It−1|θt) and, thus,Gt(Jt, yt, θt) are increasing inθi
t for anyi∈M. Because monotonicity is preserved under maximization

and expectation,Wt(Jt,Dt, θt), Ht(It, xt, θt) andVt(It,Kt, θt) are all increasing inθi
t for anyi∈M. This establishespart (i) .
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Parts (ii) and (iii). We proveparts (ii) and (iii) together by backward induction. We will show that: if∂IsVs(Is,Ks, θ̂s) ≤

∂IsVs(Is,Ks, θs) for any θ̂s ≥ θs, for s = t−1, then we have: (a)∂It−1Vt−1(It−1|θ̂t) ≤ ∂It−1Vt−1(It−1|θt) and∂JtWt(Jt, θ̂t) ≤

∂JtWt(Jt, θt); (b) αi
t(θ̂t) ≤ αi

t(θt) and xi∗
t (It,Kt, θ̂t) ≤ xi∗

t (It,Kt, θt) for any i ∈ M; (c) βj
t (θ̂t) ≤ βj

t (θt) and

yj∗
t (Jt,Dt, θ̂t) ≥ yj∗

t (Jt,Dt, θt) for any j ∈ N ; and (d)∂ItVt(It,Kt, θ̂t) ≤ ∂ItVt(It,Kt, θt). SinceV0(∙, ∙, ∙) = 0, the initial

condition is satisfied.

SinceΘi
t−1(θ

i
t) and Ki

t−1(θ
i
t) are stochastically increasing inθi

t and independent ofθj
t for j 6= i, and∂IsVs(Is,Ks, θs) is

decreasing inθi
s and Ki

s and anyi ∈ M, Lemma 3(ii) implies that∂IsVs(Is|θ̂t) ≤ ∂IsVs(Is|θt). Thus, by (8) and the con-

cavity of Vs(∙|θ̂t) andVs(∙|θt), βj
t (θ̂t) ≤ βj

t (θt) for any j ∈ N . Hence, by the same argument as the proof of Theorem 7(iii),

yj∗
t (Jt,Dt, θ̂t) ≥ yj∗

t (Jt,Dt, θt) j ∈ N . SinceVs(Is|θ̂t) and Vs(Is|θt) are concave inIs and ∂IsVs(Is|θ̂t) ≤ ∂IsVs(Is|θt),

Lemma 3(v) implies that∂JtWt(Jt,Dt, θ̂t)≤ ∂JtWt(Jt,Dt, θt). Hence,∂JtWt(Jt, θ̂t)≤ ∂JtWt(Jt, θt).

By (6), the concavity ofWt(∙, θ̂t) andWt(∙, θt), and that∂JtWt(Jt,Dt, θ̂t)≤ ∂JtWt(Jt,Dt, θt), αi
t(θ̂t)≤ αi

t(θt) for anyi ∈

M. Hence, by the same argument as the proof of Theorem 7(iii),xi∗
t (It,Kt, θ̂t)≤ xi∗

t (It,Kt, θt) for anyi∈M. SinceWt(Jt, θ̂t)

Wt(Jt, θt) are concave inJt and∂JtWt(Jt, θ̂t)≤ ∂JtWt(Jt, θt), Lemma 3(v) implies that∂ItVt(It,Kt, θ̂t)≤ ∂ItVt(It,Kt, θt).

This completes the induction and, thus, the proof ofparts (ii) and (iii) .

Before giving the proof of Theorem 8, we present Theorem 10 and its proof first.

Theorem 10 and its Proof

We now characterize the optimal policy in the model without discretionary selling (see Section 6 for details). We define

W̌t(Jt, θt) := EDt{r̃tDt −ht(Jt − |Dt|) + γE(Kt−1,θt−1)[V̌t−1(Jt − |Dt|,Kt−1, θt−1)|θt]|θt},

whereJt = It + |xt|. Hence,

V̌t(It,Kt, θt) = max
0≤xt≤Kt

{W̌t(Jt, θt)− ctxt}. (28)

THEOREM 10. (i) V̌t(It,Kt, θt) is concave and continuously differentiable inIt, ∀t and(Kt, θt).

(ii) Let

α̌i
t(θt) := min{Jt ∈R : ci

t ≥ ∂JtW̌t(Jt, θt)}, i∈M, (29)

whereα̌i
t(θt) := −∞ if {Jt ∈R : ci

t < ∂JtW̌t(Jt, θt)}= ∅. We have{α̌i
t(θt)}i∈M are independent of the starting inventory level

It and capacityKt, and decreasing ini∈M, ∀t andθt. The optimal decision is

x̌i∗
t (It,Kt, θt) = Ki

t ∙1{i<ǐt} + min{α̌i
t(θt)− It − [Kt]

i−1
1 ,Ki

t} ∙1{i=ǐt}, i∈M, (30)

wherěit := m ∙1{It+|Kt|≤α̌m
t (θt)} + min{i : It + [Kt]

i
1 ≥ α̌i

t(θt)} ∙1{It+|Kt|>α̌m
t (θt)}.

(iii) For each t andi∈M, α̌i
t(θt) andx̌i∗

t (It,Kt, θt) are decreasing inθj
t for anyj ∈M.

Part (i) follows from the same argument as the proof of Theorem 1. The proof ofpart (ii) is identical to that of Theorem 2. The

proof ofpart (iii) follows from that of Theorem 6(iii). Hence, we omit the proof ofTheorem 10.
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Proof of Theorem 8

Part (i). We prove∂It V̌t(It,Kt, θt) ≥ ∂ItVt(It,Kt, θt) and α̌i
t(θt) ≥ αi

t(θt) for any i ∈ M by backward induction. It suf-

fices to show that if∂Is V̌s(Is,Ks, θs) ≥ ∂IsVs(Is,Ks, θs) for s = t− 1, then (a)α̌i
t(θt) ≥ αi

t(θt) for any i ∈ M and (b)

∂It V̌t(It,Kt, θt)≥ ∂ItVt(It,Kt, θt). ∂I0 V̌0(I0,K0, θ0) = ∂I0V0(I0,K0, θ0) = 0, so the initial condition is satisfied.

Since y∗
t (Jt,Dt, θt) ≤ Dt for any Dt, V̌s(Is,Ks, θs) and Vs(Is,Ks, θs) are concave inIs, and ∂Is V̌s(Is,Ks, θs) ≥

∂IsVs(Is,Ks, θs), it follows immediately thatW̌t(∙, θt) andWt(∙, θt) are concave, and∂JtW̌t(Jt, θt)≥ ∂JtWt(Jt, θt). Together

with (6) and (29), we havěαi
t(θt) ≥ αi

t(θt) for any i ∈ M. To complete the induction, by Lemma 3(v),∂It V̌t(It,Kt, θt) ≥

∂ItVt(It,Kt, θt) follows from (2), (28), the concavity of̌Wt(∙, θt) andWt(∙, θt), and∂JtW̌t(Jt, θt) ≥ ∂JtWt(Jt, θt). For any

i∈M, x̌i∗
t (It,Kt, θt)≥ xi∗

t (It,Kt, θt) follows from α̌i
t(θt)≥ αi

t(θt).

Part (ii). This part follows directly from equation (18) that the term
∑n

j=1 r̃j
t D

j
t is separable from the decision variable,xt, in

the objective function.

Part (iii). We show by backward induction. Let two systems be equivalent except thatr̄j0
t0

> rj0
t0

for somet0 ∈ T andj0 ∈M.

It suffices to show that if̄rj
s ≥ rj

s and∂Is V̄s(Is,Ks, θs) ≥ ∂IsVs(Is,Ks, θs) for any j ∈ N ands = t−1, then (a)ᾱi
t(θt) ≥

αi
t(θt) for any i ∈ M andθt; and (b)∂It V̄t(It,Kt, θt) ≥ ∂ItVt(It,Kt, θt). For t = t0, the initial condition is clearly satisfied.

∂Is V̄s(Is,Ks, θs) ≥ ∂IsVs(Is,Ks, θs) yields that∂Is V̄s(Is|θt) ≥ ∂IsVs(Is|θt). Thus, by Lemma 3(v), the concavity of̄Vs(∙|θt)

andVs(∙|θt) and r̄j
t ≥ rj

t imply that ∂JtW̄t(Jt,Dt, θt) ≥ ∂JtWt(Jt,Dt, θt) and, hence,∂JtW̄t(Jt, θt) ≥ ∂JtWt(Jt, θt). The

concavity ofW̄t(∙, θt) andWt(∙, θt) and∂JtW̄t(Jt, θt) ≥ ∂JtWt(Jt, θt), together with (6), yield that̄αi
t(θt) ≥ αi

t(θt) for any

i ∈ M. Invoking Lemma 3(v) again, sincēWt(∙, θt) and Wt(∙, θt) are concave and∂JtW̄t(Jt, θt) ≥ ∂JtWt(Jt, θt), we have

∂It V̄t(It,Kt, θt)≥ ∂ItVt(It,Kt, θt). This completes the induction. For anyi∈M, x̄i∗
t (It,Kt, θt)≥ xi∗

t (It,Kt, θt) follows from

ᾱi
t(θt)≥ αi

t(θt).


