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Abstract. Nonprogressive diffusion models the spread of behavior on social networks,
where agents are allowed to reverse their decisions as time evolves. To provide an efficient
framework for evaluating and optimizing nonprogressive diffusion, we introduce a com-
prehensive model along with a fixed-point approximation (FPA) scheme, which admits
both theoretical guarantee and computational efficiency. We show that the approximation
error depends on the network structure and derive order-optimal bounds for this error
based on a newly proposed network measure. Additionally, we propose two easy-to-
calculate network metrics (one at the node level and the other at the network level) that
serve as reliable indicators of FPA performance. Our results indicate that the FPA scheme
is particularly accurate for dense and large networks, which are typically challenging to
analyze via simulation. To showcase the broad applicability of our approach, we apply the
FPA scheme to well-known problems, like influence maximization and optimal pricing on
social networks. Finally, we conduct extensive numerical experiments on both synthetic
and real-world networks. On real-world networks, the FPA scheme achieves computa-
tional speedups of 70-230 times compared with naive agent-based simulation and 23-30
times compared with a more advanced simulation method while maintaining a mean abso-
lute percentage error of less than 3.48%.
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1. Introduction

However, understanding network diffusion is com-

Social networks deeply shape our lives. People are
more receptive to information from friends (Lu et al.
2013) and more inclined to make purchases based on
social referrals (Bapna and Umyarov 2015, Ma et al.
2015). It is even more so in the digital era; by January
2022, 4.62 billion people, approximately 58.4% of the
global population, used online social network plat-
forms, such as Facebook, YouTube, and TikTok (Datar-
eportal 2022). These platforms extend the reach and
complexity of our social networks as both friends and
strangers online contribute to shaping our opinions
and choices. Within such networks, individuals influ-
ence and are influenced by others, enabling the diffu-
sion of information and behavior. Platforms that
leverage network diffusion can substantially boost
their impact and profitability (Shriver et al. 2013).

plex, involving not just individual preferences but also,
the intricate relationships that bind them. This com-
plexity has made network analysis a long-standing
research focus (see the book by Jackson 2010).

Network diffusion is studied across disciplines, such
as computer science (Kempe et al. 2003, Acemoglu et al.
2013), economics (Acemoglu et al. 2011, Sadler 2020),
operations management (Song and Zipkin 2009, Can-
dogan et al. 2012, Wang and Wang 2017), and epidemi-
ology (Kermack and McKendrick 1927, Drakopoulos
and Zheng 2017). In the seminal paper by Kempe et al.
(2003), diffusion processes are broadly categorized into
progressive and nonprogressive types. Although pro-
gressive diffusion deals with unidirectional changes in
the state, such as adopting new technology or purchas-
ing a product, our study focuses on nonprogressive
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diffusion, which allows for bidirectional state transi-
tions. This type is particularly relevant for scenarios
in which decisions can be reversed, such as subscrip-
tion to a membership, belief propagation, or infection
dynamics in a pandemic.

The analysis of network diffusion adheres primarily
to one of two approaches. The first is microfounded,
capturing detailed network topology and stochastic
dynamics. Notable models, such as the independent
cascade model (Goldenberg et al. 2001) and the linear
threshold model (Granovetter 1978, Schelling 1978),
provide fine-grained evolution characterization but
are computationally intensive. In most cases, simula-
tion happens to be the only viable tool, making opti-
mization, even for a moderate-sized network, time
consuming (Chen et al. 2009). In contrast, the second
approach offers a macroscopic view, simplifying the
diffusion process. For example, Bass models (e.g.,
Bass 1969) bypass the network structure, focusing on
the overall population; others (e.g., Candogan et al.
2012, Jackson et al. 2020) ignore stochasticity and
focus on the equilibrium outcome. This macro lens,
although sacrificing detailed characterization, enables
efficient analysis and sharper insights.

Our work bridges these two approaches in the con-
text of nonprogressive diffusion. We base it on a general
microfounded diffusion model that considers heteroge-
neous agents, local network effects, and network struc-
ture. Although analytically characterizing the adoption
rate over time in such a model is technically intractable,
we propose a fixed-point approximation (FPA) scheme
that approximates the dynamics through a set of easily
solvable fixed-point equations. Notably, we show that
the FPA scheme comes with provable guarantees. Its
performance is associated with the network structure
and improves for larger and denser networks. We also
propose easy-to-calculate metrics at both node and net-
work levels to indicate FPA performance for different
network structures. Moreover, the FPA scheme paves
the way for optimizing operational decisions in the non-
progressive diffusion context. It enables straightfor-
ward problem formulation and algorithm development
that are not just computationally efficient but also, yield
near-optimal solutions. In summary, through the FPA
scheme, we show that the diffusion characterized by a
“micromodel” can be accurately approximated by an
easy-to-analyze “macromodel,” integrating the advan-
tages of both modeling paradigms.

1.1. Contributions and Organization
Our research contributions are summarized as
follows.

e Provable approximation scheme for a general non-
progressive diffusion model. We investigate nonpro-
gressive diffusion through a microfounded, dynamic,
and stochastic model. Based on this model, we propose

the FPA scheme to approximate the adoption probabil-
ity of each agent. To validate this approach, we develop
anontrivial “fixed-point sandwich” technique, establish-
ing an order-optimal error bound of the FPA scheme
in terms of a newly proposed network measure. The
bound indicates its superior performance for large and
dense networks, which are otherwise challenging to sim-
ulate. We further connect the error bound to two novel
and easy-to-calculate metrics: the inverse in-degree central-
ity and the inverse in-degree density. These metrics, which
serve as reliable indicators for FPA performance, pro-
vide valuable insight into both node-level and network-
wide structures. Our extensive numerical studies further
confirm the theoretical results. For real-world networks,
it achieves a mean absolute percentage error (MAPE) of
less than 3.48% among all instances tested while concur-
rently accelerating the computation by factors ranging
from 70 to 230 compared with the naive agent-based
simulation (ABS).

e Wide applicability in optimizing operational deci-
sions. The FPA scheme offers a powerful tool to refor-
mulate and solve operational decision-making problems
in the nonprogressive diffusion setting. Leveraging our
approximation error bound, the reformulated problems
lead to efficient algorithms that guarantee high-quality
decisions, providing a clear advantage over simulation-
based methods. We illustrate this with two examples:
influence maximization (IM) and optimal (dynamic)
pricing. For the IM problem, we show that under techni-
cal conditions, the influence function is submodular
with regard to the seed set in the reformulated problem.
This extends the greedy algorithm to more general set-
tings, significantly improving efficiency. For the optimal
pricing problem, the FPA scheme facilitates near-
optimal solutions for general static pricing problems,
which account for the limiting agent behavior. When
perfect price discrimination is implemented, we can
reformulate both static and dynamic pricing problems
as convex optimization problems under specific condi-
tions, yielding the optimal solution.

The remainder of this paper is structured as follows.
In this section, we continue to review the related liter-
ature. Section 2 introduces the diffusion model and
characterizes the adoption probabilities. In Section 3,
we describe the FPA scheme and present our main
theoretical results. In Section 4, we establish the order-
optimal error bound followed by numerical experi-
ments in Section 5. We apply the FPA scheme to the
IM and pricing problems in Section 6. Section 7 con-
cludes this paper.

1.2. Literature Review
Our paper contributes to the network diffusion litera-
ture, focusing on both diffusion models and related
optimization problems.
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1.2.1. Diffusion Models. Various models have been
proposed across disciplines to characterize diffusion
for specific applications. However, a consistent trade-
off can be observed; researchers often have to choose
between a comprehensive model and practical effi-
ciency. For instance, the linear threshold (LT) model
(Granovetter 1978, Schelling 1978) incorporates the
network structure but is computationally challenging
as evidenced by Chen et al. (2010). In contrast, the
Bass model (Bass 1969) abstracts most of the informa-
tion about the network structure and individual
agents but benefits from analytical tractability, offer-
ing closed-form expressions for critical values that
facilitate optimization (Agrawal et al. 2021, Lin et al.
2024). Our review categorizes the existing literature
into two groups: models that are inherently complex
and computationally burdensome, which align with
our microfounded model, and models that prioritize
analytical tractability, which align with our FPA
scheme. Additionally, we discuss how traditional
approaches, such as mean-field approximations, have
been used to mitigate the computational challenges
associated with the first group of models.

Our model builds upon the LT model and is parti-
cularly aligned with the nonprogressive LT variant'
introduced by Kempe et al. (2003). This variant pre-
serves many features of the progressive LT model, but
it introduces flexibility by allowing random thresholds
to vary independently at each time step in contrast to
the fixed random thresholds in the progressive ver-
sion. We extend the nonprogressive LT model further
by introducing agent heterogeneity and accommodat-
ing a broader class of randomness distributions,
thereby enhancing its applicability to diverse diffusion
contexts.

Several parallel streams of work share conceptual
connections with our microfounded model. In the
field of social learning, agents form beliefs about a
binary signal based on their neighbors’ beliefs (Jadba-
baie et al. 2012, Chandrasekhar et al. 2020, Allon et al.
2021). Although these models emphasize the learning
process and the distribution of population beliefs, our
work characterizes individual adoptions in arbitrary
network structures to facilitate operational decision
making. Moreover, our model can be conceptualized
as a Markov chain (MC) on graphs, but it fundamen-
tally differs from random walks on the graph (Gobel
and Jagers 1974), which track the movement of a sin-
gle agent across graph vertices. Our model focuses on
the diffusion process across a network of agents,
requiring an analysis of how the entire agent states
evolve collectively over time. Models like Markov
random fields also share similarities. For example,
the Ising model (Ising 1924) in statistical mechanics
describes binary states of vertices influenced by their
neighbors, typically aiming to estimate marginal dis-
tributions at equilibrium. Unlike these models, our

framework formulates a Markov chain to model the
dynamic diffusion process, providing a microfounda-
tion for understanding individual agent behaviors by
incorporating temporal evolution alongside spatial
dependencies.

Another stream of models emphasizes analytical trac-
tability, often at the expense of descriptive power, align-
ing conceptually with our FPA scheme. For instance,
many engineering and economics applications describe
interactions using network games (e.g., see Ballester
et al. 2006, Candogan et al. 2012, Baron et al. 2022, and
Afeche et al. 2023). A central goal of this literature is to
analyze various equilibria. Although our FPA scheme
is reminiscent of the equilibrium in network games, our
focus diverges in its relation to a concrete microfounded
model. Similarly, a number of operations management
studies incorporate network externality into choice
models. This type of work, which serves for subsequent
optimization problems, often simplifies the model. For
example, some consider only global effects by taking
average over the market (Du et al. 2016, Wang and
Wang 2017), whereas others use myopic local proxy or
specific types of networks (Gopalakrishnan et al. 2023,
Xie and Wang 2025). In contrast, our work considers
arbitrary network structures in a more general setting.

Finally, our work contributes to the literature on
approximation schemes for network diffusion models.
Although conceptually related to mean-field approxi-
mations (Benaim and Weibull 2003, Van Mieghem
et al. 2009), which offer deterministic descriptions at
the population level and focus on equilibrium out-
comes, our approach goes further by approximating
the dynamic diffusion process at the individual level.
In Markov random-field models, mean-field approxi-
mations (Yeomans 1992, Boykov et al. 1998) reduce
complexity by fitting deterministic approximations into
a predefined equilibrium representation. However, our
model faces the challenge of evolving correlations
among agents’ behavior over time, which requires a
fundamentally different approach to approximate and
analyze. This dynamic consideration not only intro-
duces technical complexities, but also, it enables us to
bridge the two distinct streams of models mentioned
above. Our FPA scheme facilitates computationally effi-
cient analysis while preserving the key features of the
underlying microfounded model, providing a dual per-
spective for studying and understanding network diffu-
sion processes.

1.2.2. Optimization with Network Diffusion. The FPA
scheme has a wide range of applications. In this paper,
we highlight its use in two examples—influence maxi-
mization and optimal pricing problems. Kempe et al.
(2003) first consider the IM problem, which is choosing
an influential set of seed agents to maximize total
influence, as a discrete optimization problem. They
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show that the IM problem, under the LT model, is NP-
hard for both progressive and nonprogressive cases.
Moreover, evaluating the total influence for different
seed sets requires extensive simulations, making it
time consuming to obtain even approximate solutions.
We refer readers to the survey (Li et al. 2018) for a
comprehensive review of existing approaches. These
approaches compromise either accuracy or efficiency,
and they are not ideal for practical use. With the FPA
scheme, we can effectively balance both. For the pric-
ing problem, there is a growing literature in the eco-
nomics and operations management communities that
considers the presence of network effects (Anari et al.
2013, Hu et al. 2020, Li 2020, Huang et al. 2022, Yang
and Zhang 2022). Recent studies on the single-item
pricing problem with the network effect can be found
in Candogan et al. (2012), Du et al. (2018), and Nosrat
et al. (2021). Compared with others, our proposed
framework can be used in a more general setting.
Moreover, much of this literature focuses on the static
pricing problem, aiming to determine an equilibrium
price when considering network effects. In this work,
we also address the dynamic pricing problem under
certain conditions, which allows us to incorporate
transient behaviors before reaching equilibrium.

2. Nonprogressive Network Diffusion
Model

In this section, we first introduce the nonprogressive
diffusion model and then, characterize the limiting
behavior of each agent. Although this model can be
applied to various nonprogressive diffusion settings,
we use service adoption on an online social network
platform for illustration.

2.1. Preliminaries and Formulation

We model the social network platform (e.g., TikTok)
as a graph G = (V,E) with n agents, where V :={1,2,
...,n} is the set of agents and E:={1,2...,|E|} is the
set of directed edges. A directed edge (i,j) € E, where
i,j€V, implies that agent j is influenced by agent i,
and we call i an in-neighbor of j. We interpret (i,j) € E
as j following i on the platform. We use N; to denote
the set of all in-neighbors for agent i (i.e., NV;:={j e V:
(j,i) € E}) and d; := |N;| to denote the in-degree (i.e.,
the number of in-neighbors). Throughout, we use
agent and node interchangeably.

We use t to denote the discrete time period, starting
with +=0 as the service launch time. Define Y;(f) €
{0,1} as the state of agent i at time ¢, where Y;(t) =1
(respectively, Yi(t) = 0) means adoption (respectively,
nonadoption) of the service in this period. The initial
state Y(0) follows an arbitrary distribution on {0,1}".
For all t > 1, each agent i decides whether to adopt the
service based on their realized utility u;(t) during that

period, which is given by

Zje,/\/i Yf (t-=1)
d;
Without loss of generality, we normalize the utility
of nonadoption to zero so that Yi(f) = 1{u;(f) >0}.
As shown in (1), u;(t) consists of three parts: the
idiosyncratic intrinsic value v;, the local network effect
B Zje v, Yj(t —1)/d;, and random noise €;(t). The value
v; reveals the personalized preference and remains
constant over time. Analytically, it can be estimated
from features, such as demographics and behavioral
data, with the support of big data. It may also be
affected by the platform strategies. For example, the
price of a paid service (e.g., YouTube Premium) will
definitely affect whether and how the agent likes it.
The local network effect term captures peer influence,
with B quantifying the network effect intensity. If
agent i has no in-neighbors (i.e., N; =0), we set this
term to zero. Finally, we assume that random noise
€i(t) is independent and identically distributed (i.i.d.)
across agents and time, with E[e;(f)] = 0. Although the
iid. assumption is standard, we acknowledge that
real-world scenarios may introduce more complexity.
For example, agents may gradually reveal their
preferences, leading to a diminishing variance in ran-
dom noise over time. Alternatively, public news may
introduce positively correlated noise across agents
at the same time. Despite these complexities, the
approximation approach proposed later in this work
remains valid, although the approximation error may
increase. Online Appendix A.2 provides a detailed
discussion on relaxing the i.i.d. assumption. For now,
we impose no further constraints on its distribution,

except for the following mild condition.

ui(t):=v; +p- +€(t). 1

Assumption 1 (Lipschitz Continuity). The random noise
€i(t) has an L-Lipschitz continuous cumulative distribution
function (CDF): |Fe(x) — Fe(y)| < L|x —y| forany x,y € R.

This assumption ensures a sufficiently smooth noise
distribution. Assumption 1 holds for any continuous
distribution with a bounded probability density func-
tion (PDF), such as uniform, logistic, or normal distribu-
tion, making them compatible with our model. The
parameter L characterizes the sensitivity of the agent’s
behavior to random noise. We note that our result
remains valid even if L is not defined across the entire
CDF as in Assumption 1. For instance, for a given
intrinsic value v, one can define an instance-dependent
L that need not be the Lipschitz constant over the entire
real line but only within the domain [-maxey v; — f3,
—min;cy v;]. In this case, our results still hold. However,
for clarity and consistency, we maintain Assumption 1
throughout.

A natural goal of this model is to quantify the total dif-
fusion in the network. In line with previous studies
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(Kempe et al. 2003), we focus on the limiting adoption
probabﬂity.2 Provided that it converges, this also repre-
sents the accumulated reward (frequency of adoptions)
in the long run. However, to discuss such behavior in a
meaningful way, we must first ensure its existence.
Without additional assumptions, the process can diverge
or yield multiple outcomes, complicating the focus on a
single outcome of interest. To guarantee a unique out-
come, we impose Assumption 2, which excludes diver-
gent or periodic behavior (Proposition 1) and ensures
the existence of a valid fixed-point solution for our
approximation (Proposition 2).

Assumption 2 (Bounded Network Effects). The network
effect intensity satisfies |B| <1/L.

This assumption ensures that agents” behavior is
not overly sensitive to network effects or random
noise. It is well established in the literature and is typi-
cally satisfied in practice. Specifically, it aligns with con-
ditions in the network diffusion literature (Kempe et al.
2003) and assumptions in social economics research
(e.g., see Horst and Scheinkman 2006, Wang and Wang
2017, and Jackson et al. 2020). Studies that empirically
calibrate § in real-world applications further support
the validity of this assumption. For instance, Wang and
Wang (2017) assume that random noise follows a stan-
dard logistic distribution, logistic(0,1)* (logit model),
resulting in L =1/4, with calibrated f ranging from
1.391 to 2.392. Similarly, Chen et al. (2021) assume a
standard normal distribution (probit model), yielding
L=1/ \/2—7'(, with calibrated $ ranging from 0.69 to 1.11.
These empirical results provide strong evidence that
the assumption holds in practice. Although our theoret-
ical analysis is based on Assumption 2, we acknowl-
edge that it may not always hold. Therefore, Online
Appendix D.1.1 extends our discussion with numerical
experiments that explore the implications of violating
Assumption 2. For the rest of our theoretical analysis,
we assume positive network effects (i.e.,, 0 <f <1/L).
However, our results can also be generalized to account
for negative network effects, where —1/L < <0.

We remark on the notation. Hereafter, we use bold
math notation to denote the collection of a particular
variable over all agents in vector form. We represent a
specific diffusion instance by a quadruple (G, v, Fc(:), f)
because the network structure and intrinsic values
identify a diffusion case. Meanwhile, the noise distri-
bution and the network effect intensity constitute the
diffusion environment. Sequences of such instances
are represented by a series of these quadruples.

2.2. A Markov Chain Perspective

Notably, each diffusion instance can be characterized
by a Markov chain, of which the state space is the set of
indicator vectors denoting all possible combinations of

adoption decisions, represented by {0,1}". The transi-
tion probability from state y to y’ can be computed as

Py,y') = [P(Yit) =y/1Y(t - 1) = y)

i€V

N\ v
= HFe <—Uz‘ - ﬁ‘zjj,v‘ yj)

i€V

N\ Y
el

Our primary interest lies not in the individual MC
states but rather, in the overall adoption probability
for each agent. To that end, we define the adoption
probability of agent i at time t as

) =P(Y()=1)= > 1y=1}-PX(H=y). )

ye{0,1}"

We have the following proposition on the limiting
behavior of q(f) when t tends to infinity.

Proposition 1 (Limiting Adoption Probability). Under
Assumptions 1 and 2, for any initial state Y(0) € {0,1}",
the adoption probability of each agent i converges to

lim gi(t)=q;:= ) 1{yi=1}n(y)
ye{0,1}"
as t tends to infinity, where v is the stationary distribution

of the MC that satisfies 7 = mP.

As shown in the proof of Proposition 1 (Online
Appendix A.1), this MC has a single aperiodic recurrent
class, ensuring the existence of the limiting distribu-
tion 7r and hence, q*. By standard MC theory,

t
liml-ZYj(T)zq; a.s. and
=1

t—oo |
1 t
lim - ;%(T) =q;, Vi€V, ®3)

for any initial state Y(0). As a result, various opera-
tional problems, such as the IM (Section 6.1) and opti-
mal pricing problem (Section 6.2), can be generally
framed as

maxiegﬁze 3(q"(G,v(x),Fe(:), B), x). 4)

Here, x represents the platform decisions, with X denot-
ing its feasible set. For simplicity, we only consider deci-
sions that influence diffusion outcomes by altering
intrinsic values. With a slight abuse of notation, v(-)
represents intrinsic values as a function of platform
decisions, and q*(-) denotes the mapping from a diffu-
sion instance to the limiting probability vector. Finally,
g(+,-) is the objective function that depends on the diffu-
sion outcome q* and decision x. For example, the IM
problem can be formulated as (4), where the decision x
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is to set the intrinsic utility of a set of seed users at suffi-
ciently high levels and the objective g(-, -) is the expected
total limiting adoptions, ;. 4;. For the optimal pricing
problem, the decision x is the price vector that affects the
intrinsic value of each agent, and the objective g(-,) is
the expected profit under the limiting adoption proba-
bility (i.e., > ey 9;X:). The specific formulations of these
problems will be presented in Section 6.

Solving Problem (4) is challenging because of the
absence of closed-form expressions for q° and the
exponential growth of the MC states. It is intractable
to construct the transition matrix even for a moder-
ately sized network, let alone to calculate q*. There-
fore, Problem (4) is generally intractable analytically,
which motivates us to develop our approximation
scheme presented in Section 3.

3. Fixed-Point Approximation Scheme

In this section, we introduce the FPA scheme and pro-
vide a comprehensive analysis of its performance,
including upper bounds for approximation errors. Addi-
tionally, we also present two easy-to-compute metrics
designed to evaluate FPA performance; see (6).

3.1. Overview and Motivating Example

For a given diffusion instance (G,v,Fc(:),), we will
show that the limiting adoption probability q* can be
reasonably approximated by the solution u* of the fol-
lowing system of equations:

u=1-F. <—vi —ﬁZ];N*'“J> forallie V.  (5)
Although our main result focuses on the limiting adop-
tion probability, the full analysis goes beyond this.
Specifically, it captures the entire diffusion process,
including transient behaviors. Because (5) represents
the limiting state of a fixed-point iteration, which is a
deterministic dynamical system, the FPA scheme can

approximate the entire diffusion process with the evo-
lution of this system. As such, the FPA scheme is also
applicable to network diffusion problems with tran-
sient behaviors.

We begin with a motivating example to illustrate
the quality of the FPA scheme as shown in Figure 1. For
detailed information on this example instance, including
numerical results, please refer to Online Appendix D.1.
In Figure 1, to provide an intuitive understanding of the
network effects, we also introduce a misspecified model
(MM) as a benchmark. For the MM, the adoption proba-
bility for agent i is calculated as "™ := E[1{v; + €; > 0}],
ignoring network effects. Figure 1(a) presents the net-
work structure and approximation results for the exam-
ple. Clearly, nodes with fewer neighbors exhibit larger
errors, whereas well-connected nodes yield smaller
errors. Figure 1(b) compares the values of q*, w*, and
q"™, showing the impact of network effects as evi-
denced by the discrepancy between q* and q™™. Using
q" as the baseline, the mean absolute errors for u* and
q"™ are 0.045 and 0.310, respectively. These findings
confirm the feasibility of the FPA scheme and suggest
that the approximation is more accurate for agents with
central positions in the network.

Next, we theoretically analyze the deviation between
q" and p', focusing on how it depends on network
structure. The key challenge lies in the temporal and
spatial correlations in adoptions, which are further
complicated by the nonlinear evolution introduced by
the general noise distribution.

3.2. The Approximation Error

We first remark on the notation before formally ana-
lyzing the error bound. Given a network G = (V,E),
we define the matrix A € R™" such that Aij =1/d; if
an edge is directed from j to i and A;; =0 otherwise.
This matrix is a scaled version of the adjacency matrix
A, where A;; =1 if there is an edge directed from i to j

Figure 1. (Color online) A 10-Node Example to Illustrate the FPA Scheme

(b)

Limiting adoption probability p*
14 FPA solution p*

Misspecified model pMM

0.8
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Notes. In panel (a), for each agent i, the color denotes the true values of g;, and the size denotes the absolute error |g; — i} |. (a) Approximation
results on the 10-node example instance. (b) Values of adoption probabilities.
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and A;; = 0 otherwise. One obtains A by scaling row i
of AT by 1/d;. Notably, A is a row-stochastic matrix,
meaning that Ae =e, where e is a vector of ones. We
also introduce the vector b:=(1/dy,1/dy,...,1/d,)",
which contains the reciprocals of each node’s in-degree.
Lastly, we define p := Lg and let dpn be the minimum
in-degree of the network, with dp, > 0.

We further introduce two metrics in our analysis,
which we term the inverse in-degree centrality C(G;p)
and the inverse in-degree density D(G). They are defined
as follows:

CG;p):=(1-p) (I + i p[AZ> b=01-p)I- pA)_lb
=1

.
and D(G):= %. (6)
The inverse in-degree centrality C(G;p) is an n-dimen-
sional vector that captures the centrality of each agent,
with its ith entry denoted by Ci(G; p). It bears similari-
ties with the classical Bonacich centrality (Bonacich
1987), taking the form of a Neumann series. However,
by incorporating the inverse of in-degrees, it is tai-
lored to evaluate the FPA performance. This centrality
is well defined because A is row stochastic and p < 1
by Assumption 2. The inverse in-degree density D(G) is
a scalar that represents the average inverse in-degree
of all agents, serving as an aggregate measure of FPA
performance. Together, these two metrics offer both
individualized and holistic views on network struc-
ture. This dual perspective not only enhances our
understanding of the FPA scheme but also, provides
actionable insights into its application across different
network configurations.

For clarity, we adopt the subscript ¢ to represent
entry-wise operations on vectors. For instance, for vector

q, we define [qlew = (1], [g2].... 19,7 and g =
(V712 - --.A/dn)" - Let © denote the Hadamard prod-
uct, which is essentially a component-wise product of
two matrices. Additionally, we also define the constant

Copi=p/(1— p)*?. We now present our key technical

result in Theorem 1.

Theorem 1 (Entry-Wise Error Bound of the FPA Scheme).
Under Assumptions 1 and 2, for any diffusion instance
(G,v,Ec(-),p), the absolute difference between the limiting
adoption probability q* and the fixed-point solution w* can
be upper bounded by

19— 1 lew < p(T— pA)[BG; P,y < C
where B(G; p) := (302, p* 2A" 0 A)e.

Theorem 1 characterizes the entry-wise error between
the limiting probability q* and our FPA solution u*. We
show that this error is closely related to the network
structure. Specifically, it is linked to the inverse
in-degree centrality C(G; p) via an intermediate measure

o+ [CGp)lE,,

B(G; p). Although B(G; p) involves an infinite sum and
cannot be computed efficiently, it offers a detailed char-
acterization of how the error propagates across the net-
work. Moreover, it plays a key role in establishing the
order-optimal results discussed later in Section 4.2. In
contrast, the inverse in-degree centrality C(G; p) offers
a more concise and interpretable metric to quantify
the error. Each component of C(G;p) can be viewed
as a weighted sum of entries in b, the vector of
inverse in-degrees. These weights reflect the connec-
tivity between nodes. Specifically, the weight associ-
ated with inverse 1n degree b; in the ith term of C(G; p)
is (1= p)Xpep,,, P Tler1 /dk, where P(; ; denotes the
set of directed paths from agent j to i. Remarkably,
this weight decays exponentially with the length of
the directed path. As a result, the inverse in-degree
centrality of each node is predominantly affected by
the inverse in-degrees of its nearby nodes. This result
rationalizes the observations in Figure 1.

To further understand the intuition of C(G; p), we let
Amin, i(T) be the minimum in-degree of any node j that is
connected to node i via a path of length 7. It is straight-
forward that dmin,i(T) > dmin. By expanding the defini-
tion of inverse in-degree Centrality it then holds that

Ci(G;p)<(1— p)zdmﬂu() d forallieV, (7)

where the first inequality holds because A is a row-
stochastic matrix. Consequently, we arrive at

|7 — il < Cp- \/(1 P)dem i(t)

which suggests that the error is small for nodes that
have both large in-degrees and are more distant from
nodes with low in-degrees. Hence, we can establish
the subsequent corollary.

Corollary 1 (£.-Norm Error Bound). Under Assumptions 1
and 2, for any diffusion instance (G, v, F(-), B), the {e-norm
of the difference between q* and p* can be upper bounded by

la — rllo <oy ®
min

Corollary 1 removes the dependence on the specific
network structure from the bound to highlight a
worst-case convergence rate as the network expands.
Specifically, for a sequence of diffusion instances char-
acterized by an increasing minimum in-degree Amin,
the maximal deviation shrinks at a rate of O(v/1/dmin)-
As dmin approaches infinity, p* is asymptotically equal
to q". This simplified bound clearly indicates that the
FPA scheme can perform better in larger and denser
networks. We remark that although the {.,-norm error
bound is intuitively appealing, it can be much looser
than the entry-wise bound presented in Theorem 1. It
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relies solely on the minimal in-degree dmin, making it
overly conservative and sensitive to isolated outliers.
In most real-world networks, the minimal in-degree
Amin is often quite small even if its size n is large, limit-
ing the applicability of this bound.

Corollary 2 below addresses this limitation by intro-
ducing a bound based on the scaled {;-norm. Define
r(G) := maxjey (Z}Ll A3 A;) as the largest ratio
between out-degree and in-degree.

Corollary 2 (Scaled ¢;-Norm Error Bound). Under Assump-
tions 1 and 2, for any diffusion instance (G,v,Fe(-),B), the
scaled {1-norm of the difference can be upper bounded by

Lo [EEnIN
g =l = Gy [T ©

If r(G) < 1/p, the bound can be further simplified as

1, . | 1-p
E”‘]‘M”lﬁcp' m‘D(G)o (10

In light of (7), the network-structure-free bound on
Lllq* = p*lly is also of the order O(y/1/dmin). How-
ever, Corollary 2 provides more meaningful bounds.
Specifically, (9) bounds the scaled ¢;-norm of the error
by that of the inverse in-degree centrality C(G;p).
More transparent results can be obtained when con-
sidering the largest out-degree-to-in-degree ratio r(G).
A smaller value of r(G) indicates a more evenly dis-
tributed degree structure, with r(G) > 1 always hold-
ing. In poorly conditioned networks, where 7(G) is
large, substantial weights may apply to nodes with
a small in-degree, making the bound approach the
worst-case rate O(y/1/dmin). In contrast, for well-
conditioned networks where 7(G) <1/p, we obtain a
bound in (10), which is characterized by the inverse
in-degree density D(G). Unlike dmin, which focuses on
extreme nodes, D(G) offers a holistic view by captur-
ing the average characteristics of the network. Addi-
tionally, D(G) is also computationally more efficient
than both B(G;p) and the inverse in-degree centrality
C(G;p). As a consequence, D(G) serves as a more
practical and efficient indicator for FPA performance
across different networks.

Looking more closely at the impact of #(G), we find
that the upper bound becomes tighter as r(G) decreases,
indicating better FPA performance in more balanced
networks. We highlight that the assumption r(G) <1/p
for the second part of Corollary 2 is not restrictive in
general. Notably, all undirected graphs and balanced
directed graphs satisfy this. Studies, such as Mislove
(2009), also validate the balanced nature of social net-
works in practice. In particular, active agents (i.e., those
who create many links) also tend to be popular (ie.,
they are the target of many links). This high correlation
is generally attributed to the prevalence of reciprocal
links in social networks.

We remark on three facts. First, all of the aforemen-
tioned bounds apply to networks where dp, > 0. For
any stand-alone node i with no in-neighbors, the net-
work effect term in (1) is zero, meaning that y; =g;
trivially holds. Including such nodes only tightens the
derived bounds. Second, the constant C, decreases
with p and converges to zero as p approaches zero.
Therefore, our bounds suggest that FPA works better
when p, which represents the compound effect of net-
work externality and random noise, is small. As our
theoretical analysis is based on Assumption 2, when
the assumption is violated, the bound may lose valid-
ity and diverge to infinity. However, in such cases, a
constant, such as one or a problem-specific value, can
serve as a trivial bound. We defer the investigation of
scenarios when this assumption does not hold in
Online Appendix D.1.1. Third, we can also integrate
the FPA scheme with simulation techniques, balanc-
ing between precision and computational efficiency.
In Section 5.4, we propose such a mixture scheme and
empirically demonstrate its effectiveness. By selectively
resampling low-degree agents, the mixture scheme
enhances accuracy with minimal computational over-
head, offering scalable, high-precision solutions for dif-
ferent networks.

On the operational side, the importance of the FPA
solution p* lies in the fact that it allows us to reformu-
late and simplify Problem (4). Instead of solving (4)
directly, we can replace q" with u* and approximate
Problem (4) as follows:

¢(mx) st.w=h(p; Gv(x),Fe(),p), (11)

maximize

xeX, m
where h(-; G,v,Fe(-),p) is the adoption evolution
operator (AEO) induced by the diffusion instance
(G, v, Fe(:), ), which we will formally define using (12)
in Section 3.3. The approximate Problem (11) offers an
explicit formulation by incorporating the FPA scheme
as a constraint. This stands in contrast to the implicit
variable q* in (4), which emerges from a complex sto-
chastic process.

We advocate for the approximate Problem (11) for
three reasons: (i) theoretical quarantee, (ii) computational
efficiency, and (iii) closed-form expression. The first rea-
son is theoretical guarantee. The FPA scheme is particu-
larly effective for large, dense networks, providing
strong theoretical guarantees. In reality, many real-
world networks are large and expanding, making the
FPA scheme a promising tool (see Section 5.3). The
second reason is computational efficiency. The FPA scheme
outperforms agent-based simulation in computational
efficiency as the fixed-point iteration converges to the
FPA solution in linear time (Rheinboldt 1998). The third
reason is closed-form expression. Problem (11) is more trac-
table than (4), enabling more efficient algorithms tailored
for specific problems (see Section 6).
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3.3. Proof Sketch of Theorem 1
In this section, we sketch the proof of Theorem 1,
which is our main methodological contribution. The
key idea is to construct a deterministic process {m(t)},-,
for a given instance (G,v,Fc(-),). We show that
{m()}2, closely aligns with the evolution of the adop-
tion probability {q(t)};=.

Specifically, we define {m(t)};2, as a deterministic
dynamic system throughout the time horizon:

q:(0) t=0

forallieV.
j(t): o Wi(t—1
L P (e >, I

(12)

Without loss of generality, we assume Y(0)=0, so
q(0) = 0. By Proposition 1, q* is unique regardless of
the initial distribution Y(0), and therefore, any error
bound derived under Y(0) = 0 applies to arbitrary ini-
tial distributions of Y(0). We define h: R* — R" as the
mapping function that expresses {m(t)},-, in the form
p(t) =h(u(t — 1)) for t > 1. We refer to h(-) as an adop-
tion evolution operator and introduce a family of auxil-
iary AEOs: H :={h(-) =h(-)+{: {€R"}. We proceed
by discussing the properties of any AEO h € H and its
role in shaping the dynamic system {m(t)} 2.

Proposition 2 (Partial Order Preserving, Existence, and
Uniqueness). Any AEO h € H satisfies the following prop-
erties (i) and (ii), and the induced dynamic system {w(t)};2,
defined by fixed-point iteration v(t) = h(w(t — 1)) satisfies
the following property (iii):
i. h(a) <h(b)ifa<b;

ii. there exists a unique fixed-point solution v* € R" with
h(v*) = v*; and

iii. for any initial state v(0), the dynamic system {v(t)},2,
satisfies lim;_, ¥(t) = v".

Property (i) of Proposition 2 follows directly from
the definition of h(:), whereas properties (ii) and (iif)
of Proposition 2 follow because h(-) is a contraction
mapping. Note that {u(t)},2, is a special case of the
induced dynamic system {»(t)};2,. Therefore, for any
diffusion instance under Assumptions 1 and 2, we can
always find a well-defined FPA solution p* for limit-
ing adoption probability q* by solving the system of
equations h(u) = p.

In this proof, we, in fact, show a claim stronger than
Theorem 1; {m(t)},2, and {q(f)},-, are always uni-
formly close to each other. Taking the limit as t — oo,
we then show Theorem 1. For this, we face two
challenges. The first is the temporal and spatial depen-
dencies in adoptions. An agent’s adoption utility is
directly shaped by their in-neighbors, and these local-
ized correlations accumulate and propagate across the
network over time. The second challenge arises from
the nonlinearity of the CDF F, of a general distribution,

which complicates the analytical tracking of the evolu-
tion of adoption states, particularly in characterizing
adoption correlations. To address these, our subse-
quent efforts focus on bounding the spatiotemporal
variances and the nonlinear dynamics sequentially.

First, we focus on the local network effect term in
(1), which represents an average over a set of mutu-
ally dependent random variables. We characterize the
covariance matrix of adoption states Y(¢) in Lemma 1,
and then, we relate it to the variance of the local net-
work effect term in Lemma 2.

Lemma 1 (Covariance Matrix). Under Assumptions 1 and 2,
for any diffusion instance (G,v,Fe(-),p) and t>1, the
covariance matrix of adoption states Y(t) can be upper
bounded by

1 =1 e XT % Tt
E(t)leH;pz AA) ]

The proof of Lemma 1 establishes the upper bound
on X(t) through induction. A key step is demonstrating
that adoption states Y(#) remain positively associated
(see Definition EC.2 in Online Appendix B.2), which is a
stronger form of positive correlation. This property
enables the derivation of an iterative upper bound on the
covariance matrix, despite the nonlinear dynamics.

To quantify the variance of the local network effect,
we introduce x;(t):= Var(} ey, Yi(t)/d;). Lemma 2
then provides an upper bound on this variance for
each period based on Lemma 1.

Lemma 2 (Variance of Network Effect). Under Assump-
tions 1 and 2, for any diffusion instance (G,v,Fe(-), B) and
t > 1, the variance of the local network effect can be upper
bounded by

1 : 272X 7T AT 1 — 2T AT

In Lemma 2, the first upper bound provides a
detailed measure that characterizes the evolution of the
variance k(t). However, this measure is difficult to com-
pute in general. To improve both interpretability and
computational efficiency, we introduce the second looser
bound, which is particularly useful in the asymptotic
case. Specifically, for t > 1, we can bound k(t) as follows:

1 . 2023 7T AT _1 .

=1

1 .
<7 [1 +> pA
=1

Here, we highlight both (1/4)-B(G;p) and (1/4)-
(I—p?A)'b as upper bounds. In the special case
where the underlying network structure is a directed
ring, both expressions collapse into the same bound.

b= %(I —p*A) . (13)
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However, in general, each bound offers unique insight
and has its own advantages.

On one hand, (1/4)-B(G;p) precisely captures how
variation in the network effect propagates. It also enables
us to derive a refined upper bound and a matching
lower bound (Section 4), making it an order-optimal
measure for arbitrary network structures. However,
B(G; p) lacks a simplified expression. Although the sum
of discounted infinite terms looks like a Neumann series,
it is not exactly one because of the Hadamard product.
On the other hand, (1/4)-(I - p?A)~ b offers a looser
bound but offers better interpretability through its con-
nection to a closed-form expression that resembles the
inverse in-degree centrality. Because A is row stochastic,
k(t) is bounded by (approximately) the weighted sum of
inverse in-degrees b. This implies that as the number of
in-neighbors increases, the variance decreases. This is
because having more in-neighbors reduces the impact
of a neighbor, thus reducing the mutual dependence
among adoptions. As time progresses, this upper bound
increases, reflecting a discounted contribution of more
distant neighbors. As such, although this loose upper
bound sacrifices some details, it still offers valuable
insights into how stochasticity spreads.

With the bound on the variance of the local network
effect, we then move on to bound the nonlinear dynam-
ics. Although the adoption probability {q(t)},-, lacks a
closed-form expression, we expect its transition between
consecutive time steps to be similar to the AEO h(-).

Lemma 3 (Fixed-Point Deviation of Adoption Probability).
Under Assumptions 1 and 2, for any diffusion instance
(G,v,Fe(+),B) and t > 1, we have

Ih(q(t =1)) = q(®)ew <5 PIBG;p)LL,,
<Lla-pa )k,

Based on Lemma 2, Lemma 3 essentially connects
the transitions of {q(t)},-, and {u(t)} -, offering a one-
step guarantee for them. We then use a “fixed-point
sandwich” technique to prove the results in Theorem 1.
Specifically, let 8 := (p/2) - [B(G; p)]eW denote the abso-
lute deviation. We define a lower-bound system
{n ()}, and an upper-bound system {f(t)},2, as fol-
lows; forallieV,

7:(0) £=0
p=3_p (Ui ﬁZJEN%J(t_l)> —5 t>0,
7:(0) £=0

u.(t)= i u(t—1
mil) 1—F€<—vi—ﬁ%>+éi £> 0.

Using auxiliary AEOs, these two systems can be
expressed as fixed-point iterations: p(f) =h_s(p(t —1))

and () =hs((t —1)), with p* and * being the
respective fixed-point solutions. Note that h_s5,hs e H.
Then, we leverage these two fixed-point iterations to
sandwich both {q(t)};2, and {m(t)};2, and show that
both p(t) < q(f) < pu(t) and p(t) < u(t) < @(t) hold. Fur-
ther, one can argue that 0 < ju(t) — p(t) < 2(I— pA)” 's.

Therefore, |q(t) — p(t)|ew < 2(I— pA)~ 's. Sending ¢ to
infinity, the result of Theorem 1 holds. For details, refer
to Online Appendix B.3.

We highlight that although for clarity in Theorem 1,
we frame our theoretical result in terms of the limiting
behavior (i.e., u* and q°), our arguments here show
that these bounds apply to the entire diffusion trajec-
tory. In particular, the fixed-point iteration m(t) also
approximates the transient adoption probability q(t)
even when ¢t is small, and the approximation error is
naturally bounded by the gap between their limiting
behaviors, thereby extending the result to the full dif-
fusion process.

4. Order-Optimal Error Bounds for the
FPA Scheme

In this section, we delve deeper into the error bound
of the FPA scheme. By introducing an additional mild
assumption, we derive a tighter upper bound and a
matching lower bound of the same order, thus closing
the gap in our analysis. For the subsequent analysis,
we proceed under Assumption 3.

Assumption 3 (Stronger Smoothness Condition). The ran-
dom noise €,(t) has a differentiable probability density func-
tion fe(-) with its derivative upper bounded by |f!(-)| < Ly.

This assumption mainly requires the smoothness of
the PDF f.(-). It is worth noting that this assumption is
fairly mild given that many commonly used distribu-
tions inherently exhibit high degrees of differentiabil-
ity, including but not limited to the normal and
logistic distributions.

. Improved Upper Bounds
Recall that Theorem 1 establishes an upper bound for
the approximation error at the order of [B(G; p)]
Under Assumption 3, Theorem 2 refines this upper
bound, improving it to a tighter order of B(G;p).
Define the constant C:= Lfﬁz/[4(1—p)2], which
increases with both p and Ly.

Theorem 2 (Improved Entry-Wise Error Bound of the FPA
Scheme). Under Assumptions 1, 2, and 3, for any diffusion

instance (G, v, Fe(-), B), we have

LB? _ s
14— Bl <0 pA) ' BIGip) < C-C(Gip)
% % ~ 1
and ||q—pL||m$C-d : (14)
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We observe that both B(G; p) and the inverse in-degree
centrality C(G; p) remain crucial in the improved bound.
Unlike Theorem 1, the dependency of the bound on these
measures is now linear. In light of the refined bound (14),
we also sharpen the scaled £1-norm of the approximation
error.

Corollary 3 (Improved Scaled £;-Norm Bound). Under
Assumptions 1, 2, and 3, for any diffusion instance (G,v,
Fe(+),B) with r(G) < 1/p, we have

(1-p)C

1 oric) DX (15)

Ll =l <
nq [ L |ES

The proof of Theorem 2 largely parallels that of
Theorem 1, with the key difference being the use
of a second-order Taylor expansion of F, to bound
|h(q(t—1)) — q(f)|ew (see Lemma EC.6 in Online
Appendix C).

4.2. A Matching Lower Bound

Our results in Section 4.1 highlight a linear dependence
of the FPA scheme’s error upper bounds on network
measures, such as B(G;p), C(G;p), 1/dmin, and D(G).
We now establish matching lower bounds of the same
order, suggesting that these bounds are order optimal.

Theorem 3 (Entry-Wise Lower Bound of the Error). For any
given network G, there exists a diffusion instance (G,v,
Fe(+), B) satisfying Assumptions 1,2, and 3 such that

|q" = 1 |ew > CA - p,A)'BG; py), (16)
where constants C, p, depend on v, F.(-), and .

Notably, the constants C and p in (14) depend on the
distribution of random error, particularly the upper con-
tinuity bounds. The constants in the matching lower
bound (i.e., C and p ;) instead depend on the lower conti-
nuity bounds. Specifically, to establish the lower bound
(16), for any & >0, we construct a diffusion instance,
where (i) each agent i € V has the same intrinsic value
v=—f—¢ and (ii) the random noise follows e;(t) ~
Logistic(0,1). A key consequence is that for any node
i€V, vi+BY ey Yit=1)/di€ [v,v+p] =[-p - ¢, =&,
so we can set { and (s as arbitrary values satisfying
|Fe(x) = Fe(y)| = C|x —y| and |f!(x)| > ¢, respectively,
for all x, y in [-B — &, — &]. These bounds allow us to
reverse the chain of inequalities in the analysis of upper
bounds, eventually leading to the establishment of (16),
with € = {p%[1 — Fe(&+P)IFe(&)/2 and p, = pL. Fur-
thermore, when the underlying graph is a regular graph,
we can also establish the matching lower bounds with
regard to other proposed network metrics (i.e., C(G; p),
1/dmin, and D(G)). We comment that the constants in the
lower and upper bounds do not match, and we relegate
the analysis regarding the (sub-)optimality of constants
to future research.

5. Numerical Experiments

In this section, we present numerical studies to vali-
date our FPA scheme in different scenarios, including
the 10-node example (i.e., Figure 1(a)), large-scale ran-
dom networks, and real-world networks. To help read-
ers better understand our numerical results, we provide
the code for our analyses in a GitHub repository
(https:// github.com/YunduanLin/Nonprogressive_
Diffusion). Our results reveal several key insights.
First, the FPA scheme consistently achieves superior
performance, even for small and sparse networks. Sec-
ond, the inverse in-degree centrality C(G;p) and the
inverse in-degree intensity D(G) emerge as strong
indicators of FPA performance. Third, in terms of com-
putational efficiency, the FPA scheme significantly out-
performs alternative simulation approaches. Lastly, a
heuristic mixture scheme, which combines the FPA
scheme with resampling, further improves approxima-
tion performance with only a slight increase in compu-
tational overhead.

A key challenge in evaluating FPA performance is
that the limiting adoption probability q* is generally
unknown as computing it requires solving the station-
ary distribution of a large-scale MC (see Section 2),
which is typically infeasible.* As a practical work-
around, we estimate the ground-truth q* (see Online
Appendix D.3) via agent-based simulation over a
long time horizon. Unless otherwise specified, we
adopt the following setups; q" is estimated by ABS,
whereas u* is obtained through fixed-point iteration,
with an initial value u(0) = 0 and a convergence crite-
rion of 107°. We set €;(t) . Logistic(0,1) and g =3.5,
so p =0.875. This relatively large p allows us to test
FPA in near-worst-case scenarios. To measure the
performance of a specific diffusion instance, we use
the mean absolute percentage error across all agents
defined as MAPE=(1/n)-3 .v|u; —q;1/q; x 100%.
This self-normalized measure facilitates interpretation
and comparison across different instances.

5.1. Revisiting the Motivating Example

In this subsection, we revisit the 10-node example
introduced in Section 3.1. We mainly focus on the role
of our centrality measure as a node-level metric. We
also include a thorough examination of Assumption 2
based on this example; see Online Appendix D.1.1.
For experiments in this subsection, q* is achieved by
solving the stationary distribution of the MC because
of the manageable size.

Our theorems link the upper bound of the approxi-
mation error to inverse in-degree centrality C(G; p). In
Figure 2, we juxtapose the approximation error |g; —
u;| with Ci(G, p) for all 10 nodes. The result reveals a
clear positive correlation, emphasizing the role of
inverse in-degree centrality as a sharp node-level indi-
cator to evaluate FPA performance.


https://github.com/YunduanLin/Nonprogressive_Diffusion
https://github.com/YunduanLin/Nonprogressive_Diffusion
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Figure 2. (Color online) Analysis of the 10-Node Example Instance
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Notes. (Left panel) Reproduction of Figure 1(a) for reference. (Right panel) Illustration of the relationship between the absolute approximation

error and inverse in-degree centrality.

5.2. Random Networks

In this section, we evaluate FPA performance across var-
ious well-studied random networks, focusing on
Erdés—Rényi networks of different sizes and densities
and power-law networks with different exponents and
degree correlations (see Online Appendix D.4) (Erdds
and Rényi 1960). To ensure robustness, we conduct 50
repetitions for each combination of random network
parameters. In the following, we consider a sequence of
directed Erd8s—Rényi networks, each denoted by
G(n,p(n)), where n represents the network size and p(n)
represents the network density—the probability that an
edge between two nodes exists (Erdés and Rényi 1960).
The presence of edges is assumed to be independent.
Our analysis examines both the sensitivity of FPA per-
formance to network structure and the computational
efficiency of the FPA scheme.

5.2.1. FPA Performance with Regard to Network Struc-
ture. We assess FPA performance by varying the size
and density of Erdés-Rényi networks, respectively
(Erdés and Rényi 1960).

i. Network size. We vary network size n from 20 to
10,000 and select network density p(n) € {1/n'!,1/n,
(log 1n)?/n,0.1}. These values are chosen based on the
critical ranges of p(n) identified in random graph the-
ory. Further details on the properties of Erdés—Rényi
networks are provided in Online Appendix D.5 (Erdds
and Rényi 1960; see also Huang et al. 2022). Although
our theoretical results assume dmin >0, Erdés—Rényi
networks may contain stand-alone nodes with zero
in-degree (Erdés and Rényi 1960). These nodes, which
do not receive influence but can exert influence (i.e.,
their out-degree can be positive), are perfectly approxi-
mated by the FPA scheme. To align with theory, we
exclude stand-alone nodes from calculation in this sub-
section, but we include them elsewhere to reflect a
more realistic evaluation of real-world network.

In Figure 3(a), we examine how MAPE varies with
network size n. For all tested cases, the MAPE either
decreases or remains stable as 1 grows, with a more pro-
nounced decrease when p(n) is large. Panels (b) and (c)
of Figure 3 present two metrics—the inverse in-degree
density D(G) and the inverse of average in-degree. As n
increases, we find that D(G) trends similarly to MAPE,
indicating that it is a strong indicator of FPA perfor-
mance. In contrast, the average in-degree, which tradi-
tionally indicates density, shows weaker explanatory
power for this trend.

ii. Network density. We fix a medium network size of
n =1,000 and focus on various densities p(n) € {1/n'?3,

1/n'1,1/n,\/logn/n,logn/n,(logn)*/n,0.1}. In Figure
4(a), the MAPE decreases as the network gets denser,
reflecting a trend that aligns with Figure 3(a) and our
theoretical results.

Recall that we set p close to one to demonstrate the
near-worst-case performance. Even under such a set-
ting, the FPA scheme performs exceptionally well.
Panels (b) and (c) of Figure 4 further show two net-
work metrics: D(G) and the inverse of average
in-degree, respectively. The trends largely mirror
those seen in panels (b) and (c) of Figure 3, again con-
firming that D(G) is an informative indicator of FPA
performance.

We observe that the improved FPA performance in
dense networks can also be partially attributed to the
largest out-degree-to-in-degree ratio (G). As highlighted
in Corollary 2, the upper bound for the approximation
error increases as r(G) increases. In dense Erdés-Rényi
networks, both in-degrees and out-degrees of nodes
cluster around the mean value, promoting both density
and balance of the network (Erdés and Rényi 1960).
To further explore the role of network imbalance, we
extensively analyze power-law networks with varying
in-degree/out-degree correlations (see Online Appen-
dix D.4).
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Figure 3. (Color online) FPA Performance on Erdés—Rényi Networks of Different Network Sizes
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5.2.2. Computational Efficiency of the FPA Scheme.
We evaluate the computational efficiency by compar-
ing the central processing unit (CPU) time required to
compute pu* with that needed to estimate q* using two
simulation methods. The first is the naive ABS
method, which simulates adoption dynamics based on
the agent behavior model defined in (1) and estimates
q" by averaging adoption states after the warm-up
period as described in the first equation of (3). To
ensure a fair comparison, we report the simulation
time for the naive ABS method once its real-time
MAPE falls below the value achieved by the FPA
scheme. Although the naive ABS method is a natural
approach for simulating limiting adoption probability,
it can be time consuming and does not fully capture
the performance of advanced simulation techniques.
Thus, we also include an accelerated agent-based simu-
lation (A-ABS) method, which improves simulation
efficiency by leveraging the analytical form of the
behavior model. A-ABS estimates the adoption proba-
bility by averaging conditional probabilities as
described in the second equation of (3). More details on
our simulation benchmarks are provided in Online
Appendix D.3.

We fix the network density at p(n) = 0.1 and vary =
from 20 to 10,000 to compare the run time. As shown

in Table 1, the run time for all methods increases with
n, but the FPA scheme consistently outperforms both
simulation methods by a substantial margin, with the
performance gap widening for larger networks. When
n =10,000, the FPA scheme completes in 2.3 seconds
compared with 40 minutes for the naive ABS method
and 6.5 minutes for the A-ABS method to achieve the
same performance, making it roughly 1,027 times and
170 times more efficient, respectively.

In conclusion, the FPA scheme offers considerable
advantages in computational efficiency across all of
the tested scenarios without a significant compromise
in accuracy.

5.3. Real-World Networks

Our numerical experiments in Section 5.2 focus on
random networks, which may not capture real-world
phenomena (e.g., see Jackson 2010). To evaluate the
FPA scheme in more realistic settings, we test it on
real-world networks from the Network Repository
(Rossi and Ahmed 2015). Specifically, we select five
social friendship networks extracted from Facebook,
where nodes represent individuals and edges denote
friendship ties. A summary of these networks and
their results is provided in Table 2. For raw data and

Figure 4. (Color online) FPA Performance on Erdés—Rényi Networks of Different Network Densities
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Table 1. The CPU Time Required for Simulation Methods and the FPA Scheme

Network size n 20 50 100 200
Naive ABS time (s) 0.168 0.258 0.530 2415
A-ABS time (s) 0.152 0.285 0.512 0.996
FPA time (s) 0.002 0.004 0.007 0.018

500 1,000 2,000 5,000 10,000
18.979 97.452 286.718 1,315.301 2,366.879

2.380 5.456 15.083 93.235 391.357

0.044 0.102 0.230 1.027 2.304

Note. s, seconds.

additional statistics, readers can refer to the Network
Repository website.”

We emphasize three observations from these experi-
ments. First, the FPA scheme performs exceptionally
well, achieving a maximum MAPE of just 3.48% across
all tested networks, which indicates both accuracy and
reliability for real-world applications. Second, the FPA
scheme significantly outperforms the naive ABS method
in terms of computational time, with a speedup factor
ranging from 70 to 230. Even compared with the A-ABS
method, the FPA scheme is 23-30 times faster, showcas-
ing its efficiency and scalability. Third, among various
metrics, the inverse in-degree density D(G) stands out as
the most reliable indicator of FPA performance mea-
sured by MAPE.

Figure 5 presents a comprehensive overview of the
relationship between FPA performance and the inverse
in-degree density across different networks. Figure 5
reveals a clear positive correlation between MAPE and
D(G), reinforcing that D(G) is not just an upper bound
of FPA performance but also, a reliable performance
metric. Interestingly, real-world networks generally
exhibit lower D(G) values and MAPE for the FPA
scheme compared with most random networks. This
suggests that random networks may not fully capture
the characteristics of social networks in our setting, fur-
ther emphasizing the practical relevance of our FPA
scheme for arbitrary network structures.

5.4. A Heuristic Mixture of the FPA and
Simulation Scheme

Although the FPA scheme improves time efficiency in
network diffusion characterization, it sacrifices preci-
sion, particularly for low in-degree agents, as shown
both theoretically and empirically in Online Appendix
D.5. This limitation stems from the nonlinear transfor-
mation during the diffusion process. Even if the FPA

Table 2. Experiment Results for Real-World Networks

scheme accurately approximates the adoption proba-
bilities of an agent’s in-neighbors, it may not be accu-
rate for the agent itself because of the deterministic
nature. To mitigate this, we propose a heuristic mix-
ture scheme that combines the FPA scheme with
resampling, improving accuracy with a slight increase
in computational overhead.

In this mixture scheme, we first derive the FPA
solution w*. Next, we resample the adoption states of
agent i as independent Bernoulli variables Y; with
probability u;. The adoption probability for agent i
can then be refined through simulation by evaluating
the following expected value:

1F€<vi[3%ﬂ. (17)

In terms of precision, the mixture scheme notably
improves precision for low in-degree agents with
high-degree neighbors; the FPA scheme accurately
approximates the neighbors” adoption states, whereas
resampling adds necessary stochasticity for the focal
agent. In terms of efficiency, the mixture scheme
remains scalable as resampling can be parallelized
without a full simulation. Moreover, it can be applied
selectively to low-degree agents, avoiding unneces-
sary computation for all agents. This balance ensures
improved accuracy while maintaining minimal com-
putational overhead.

When implementing this mixture scheme, two key
factors must be considered: (1) which agents to resam-
ple and (2) the sample size for estimating q as shown
in (17). To illustrate its performance, we evaluate the
MAPE of the mixture scheme on two real-world net-
works, Caltech36 and Amherst4l, as introduced in
Section 5.3. We vary the in-degree cutoff from 0 to
200, applying the mixture scheme only to agents

q,=E

Computation time (s)

Instance n Amin Amax d D(G) MAPE (%) Naive ABS A-ABS FPA

Caltech36 770 1 248 43.2623 0.1108 3.48 4.5335 1.5075 0.0636
Reed98 963 1 313 39.0696 0.0962 3.14 5.6228 1.9044 0.0623
Haverford76 1,447 1 375 82.3621 0.0427 1.59 23.2347 2.6996 0.1009
Simmons81 1,519 1 300 43.4338 0.0857 2.85 11.9185 3.4207 0.1426
Ambherst41 2,236 1 467 81.3542 0.0488 1.71 35.6749 4.7757 0.1846

Note. s, seconds.
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Figure 5. (Color online) FPA Performance Against the
Inverse In-Degree Density for Different Networks
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Note. Each point for the random networks represents the average
value of the same parameter pair across all repetitions.

below each threshold, and we consider sample sizes
of {100, 1,000}. Notably, when the cutoff degree is set
to zero, the mixture scheme reduces to the FPA
scheme alone.

In Figure 6, we present the performance of the mix-
ture scheme under various conditions. The results
show that the mixture scheme consistently outper-
forms the FPA scheme across all scenarios, with
the most notable improvements observed from low
in-degree agents. This is reflected in the sharp MAPE
drop at low cutoff values. Moreover, larger sample
sizes, which provide more accurate estimations of
(17), lead to better performance and more flexible cut-
off selection. With a sample size of 100, MAPE initially
decreases as the cutoff in-degree increases, minimiz-
ing around a cutoff of 20, and then, it increases in both
instances. This suggests that coarse estimations of q
work well for low in-degree agents but can negatively

affect high in-degree agents who are well approxi-
mated by the FPA scheme, emphasizing the impor-
tance of cutoff selection. When the sample size is
increased to 1,000, which provides a more accurate
evaluation of q, MAPE decreases almost monotoni-
cally as the cutoff in-degree increases, reducing to
around 1% for both instances.

Notably, the warm-up period for ABS methods is
set to 1,000. By parallelizing computations and target-
ing only low in-degree agents, the mixture scheme
can be significantly more efficient than the warm-up
period of ABS methods. However, the MAPE of the
mixture scheme does not reach zero as it relies on
independent resampling. Although the actual adop-
tion states of different agents are positively correlated,
we cannot capture the full joint distribution of adop-
tion states.

In Figure 7, we present a comprehensive compari-
son of the mixture scheme across various synthetic
and real-world networks alongside the FPA scheme.
The mixture scheme consistently shows significant
improvements, particularly in cases where the FPA
scheme performs poorly. On average, using a cutoff
in-degree of 20 and a sample size of 100, the mixture
scheme reduces the MAPE by 47.08%, whereas a cut-
off in-degree of 200 and a sample size of 1,000 achieve
a reduction of 58.94%. In conclusion, the resampling
approach effectively complements the FPA scheme. In
practice, the cutoff in-degree and sample size can be
adjusted to balance precision and efficiency.

6. Applications of the Fixed-Point
Approximation Scheme

The FPA scheme can be applied to many classical

operational decision problems involving network

diffusion. In this section, we consider two notable

Figure 6. (Color online) Performance of the Mixture Scheme Under Different Conditions
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Figure 7. (Color online) Performance Comparison Between the Mixture Scheme and the FPA Scheme
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the two schemes.

applications: the influence maximization problem in
network analysis and optimal pricing in revenue man-
agement. Hereafter, we confine our analysis of the opti-
mization problems to a given instance (G, v, F¢(:), 8). As
the approximation error of the FPA scheme does not
translate into the optimality gap of the optimization
problem directly, we include a regret analysis in Online
Appendix E.1.

6.1. Influence Maximization
In the IM problem, the goal is to select up to K seed
users to initially adopt the service so as to maximize
long-term adoptions of the entire network. For exam-
ple, a service provider may target key influencers to
trigger broader diffusion. We assume that seed adop-
tions are irreversible, unlike typical nonprogressive
settings, for two reasons; (i) it reflects the lasting com-
mitment of seed users in practice, and (ii) as shown in
Proposition 1, altering only initial states does not
affect the long-term equilibrium. By making seed
adoptions irreversible, we effectively modify limiting
behavior. This can also be seen as assigning suffi-
ciently high intrinsic values to seed users to guarantee
adoptions.

Given diffusion instance (G, v, Fe(:), ), the original
IM problem can be formulated as

imi T=1i E[Y(t
maximize > _di=im 3_E[Vi(0) (18a)
1 VieSt>1,
S Yit-1)
subjectto  Yi(t) = 1{0" +B d;
+e1-(t)20} VieV\S,t>1.
(18b)

Objective (18a) is the limiting total expected adop-
tions, and (18b) describes the MC that determines q*

with initialization Y(0)=1 and Y;(tf)=1 for all i€ S
and t >1.

Employing the FPA scheme, the approximate IM
problem can be formalized as follows:

maximize . 19a
1, SCV:|S|=K ;y’ (19a)
subject to 1, =1, Vies (19b)

y; =1—Fe (fvi fﬁ%) Vie V\S. (19¢)

For ease of formulation, we use p as an explicit deci-
sion variable, and a set of equality constraints specifies
the FPA scheme, which uniquely determines u*(S) for
any given SC V.

Although (19a) provides a good approximation to
(18), solving it remains challenging. Under a mild con-
dition stated below, we prove that g(u*(S),S) is sub-
modular with regard to the seed set S.

Assumption 4 (Restricted Convexity of the CDF). The ran-
dom noise CDF F(-) is convex on the domain [—maX;ecy
v; — B, — miney v;].

Assumption 4 covers a wide range of cases com-
monly studied, including the nonprogressive LT model
as a special case of our model. Further discussion and
additional examples supporting this assumption can
be found in Online Appendix E.2.

Theorem 4 (Submodularity of the Approximate IM Problem).
Under Assumptions 1, 2, and 4, g(n*(S),S) is a submodu-
lar set function with regard to seed set S.

Theorem 4 enables the use of a well-known greedy
algorithm (e.g., see Nemhauser et al. 1978), which iter-
atively adds the node with the largest marginal gain
in total adoptions, to solve the approximate IM prob-
lem. For instances that satisfy Assumption 4, the
greedy algorithm provides a (1 —1/e)-approximation
solution to Problem (19a). Together with regret analysis
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(Proposition EC.1 in Online Appendix E.1), the simple
greedy approach provides a high-quality solution to the
original IM Problem (18).

In summary, our approximate IM formulation offers
several advantages. It allows us to establish a clear
condition (i.e., Assumption 4), ensuring submodular-
ity, which is hard to verify for the original problem.
Furthermore, it enables a more efficient greedy algo-
rithm as the FPA scheme accelerates the computation
of adoption probabilities needed O(nK) times. To vali-
date our findings, we conduct extensive numerical
experiments, with details provided in Online Appen-
dix E.3. Our results show that regardless of Assump-
tion 4, the greedy algorithm for the approximate IM
problem achieves near-optimal solutions. Moreover, it
outperforms many heuristics and performs nearly as
well as the greedy solution for the original problem
while running much faster.

6.2. Optimal Pricing on a Social Network

Network effects play an important role in shaping
customer preferences for products or services, which
have driven a growing body of literature that inte-
grates network effects into revenue management pro-
blems (Du et al. 2016, 2018; Wang and Wang 2017;
Chen and Chen 2021; Chen and Shi 2023; Gopalak-
rishnan et al. 2023). Our model naturally connects to
this literature, which often employs axiomatic or
game-theoretic frameworks to approximate the limit-
ing behavior in dynamic, stochastic environments. In
this section, we first follow the literature by discuss-
ing the general static pricing problem under limiting
behaviors. We then extend this framework to dynamic
pricing strategies for transient periods, assuming that
the platform can exercise perfect price discrimination.
This is made possible by the theoretical results in Sec-
tion 3.3; the FPA scheme captures not only the limit-
ing behavior but also, the full transient diffusion
trajectory.

6.2.1. Static Pricing Problem Under Limiting Behavior.
We consider a firm using pricing as an operational lever
to steer consumers’ adoption decisions. The adoption
utility for user i at time ¢t is given by u;(t) = v; — yp; +
B jen, Yi(t —1)/d; + €i(t), where p; is the price offered
to user i and y denotes the price sensitivity. We allow
for different prices to be offered to different consumers
as many platforms are capable of targeted price dis-
crimination. Suppose the platform can offer up to m dis-
tinct prices, represented by p € R”, using a known
transformation matrix W € R™", where Wy =1 if
consumer { is assigned to the kth price and W; = 0 other-
wise. When m = n and W =, customers face idiosyn-
cratic prices. When m =1 and W = e,,, customers face a
homogeneous price. Intermediate segmentations, such

as pricing by network connectivity, are also possible.
The ultimate objective is to identify an optimal price
vector that maximizes total profit.

Given diffusion instance (G,v,F.(-),8), the original
pricing problem can be formulated as

maximize Z (Z W,-kpk) qi = Z <Z Wz‘kPk)
P eV \ k=1 i€V \ k=1

lim E[Y,(0)] (20a)
" Yoien Yit—1)
bjectto Yi(t)= 10—y Wapy + =L — =
subject to  Yi(t) { )/; kPx + B i
+e,»(t)20} VieV,t>1. (20b)

Objective (20a) is the total profit, and (20b) describes
the MC that determines q* with given price p. Employ-
ing the FPA scheme, the approximate problem can be
formally stated as

maximize p'Wp (21a)
1924

m T
subjectto u;=1—Fc (vi + VZ Wipr — ‘BZJZV'L’> , VieV.
k=1 ‘

(21b)

We treat m as an explicit decision variable and use
(21b) to link p and p. The approximate Problem (21a)
is generally nonconvex because of Constraint (21b),
making it challenging to solve.

The distribution of random noise affects both the
formulation and hardness of the problem. Hereafter,
we focus on the standard logistic distribution (i.e.,
€i(t) i Logistic(0,1)). This choice aligns the formula-
tion with existing revenue management literature (Li
and Huh 2011, Gallego and Wang 2014, Golrezaei et al.
2020, Chen and Shi 2023). A well-established tech-
nique for analyzing such problems is to transform
them into optimization problems in demand space.
Motivated by this approach, we consider the problem
in both the adoption probability and price spaces.

6.2.1.1. Profit Maximization in the Adoption Proba-
bility Space. When considering the adoption probabil-
ity space, the pricing problem becomes less challenging
for certain cases. Under perfect price discrimination
(m =n, W =1,) where the platform can provide an idio-
syncratic price/subsidy to each consumer and without
additional constraints, the problem can be expressed as
follows:®

maximize p'p (22a)

P
1

 Trexp{on+ By 1y/di — ypi}

subject to ;=1 , VieV.

(22b)
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Cancelling out p, we can reformulate the problem
in the adoption probability space as
) U, (23a)

imi + 41
mathlze Z ) (7), [SZ n
subjectto 0<pu; <1, VieV. (23b)

i€V

When § =0, the network effect term has no impact,
and the problem reduces to the classical pricing prob-
lem with a concave objective. We show that this prop-
erty is preserved when f is small.

Theorem 5 (Concavity of the Static Pricing Objective). The
objective function (23a) of the static pricing Problem (23) is
concave in g when 0 < B <6.25/Amax(A +A"). When A
is a symmetric matrix, the condition reduces to 0 < p < 3.375.

Theorem 5 states that when f is appropriately
upper bounded, Problem (23) becomes a convex opti-
mization problem, and the optimal solution p* can be
achieved by standard optimization techniques (i.e.,
gradient methods). Once " is obtained, the optimal
prices can be recovered. Furthermore, we remark that
both Theorem 5 and Assumption 2 require the net-
work effect intensity to be relatively small.

6.2.1.2. Profit Maximization in the Price Space. In a
more general setting where perfect price discrimina-
tion is not feasible, the pricing problem cannot be
reformulated in the adoption probability space. Thus,
we need to study profit maximization directly in the
price space. Particularly, we represent the adoption
probability as an implicit function of price, m(p), and
write the profit function as I1(p). We can then derive
the gradient of I'l(p) as follows:

dll(p) _ dm(p)

. . T.
= g WREWome), @Y

where the gradient of w(p) is not explicitly given. To
obtain this, we apply the implicit function theorem to
(22b) (i-e., m(p) = h(p, m(p))) (see Online Appendix E.4
for details) and rewrite (24) as

dTi(p) _oh(p, pu(p)) (1 _ oh(p, M(p))> B

ip ~ dp m(p)
+WT - u(p). (25)

We can now apply standard gradient descent techni-
ques to find the near-optimal solution. As a final
remark, the profit maximization in the price space as
well as the gradient-based approach also holds for
other noise distributions or with more complicated
price constraints (e.g., the box constraints).

6.2.2. Dynamic Pricing Problem Under Transient
Behavior. Solving the general dynamic pricing prob-
lem is challenging, but the special case of perfect price

discrimination can also be addressed through refor-
mulation, similar to the static Problem (23). We can
then formulate the (approximate) dynamic pricing
problem over T time periods as follows:

max1rl§11ze Zp.(t) pt)

t=1
1

L+exp{o; + B ey byt — 1)/di — ypi(t)Y
VieV,t>1,

subject to () =1 —

where we initialize the adoption probability as u(0) =
Similar to the static problem, we can eliminate p and
reformulate the dynamic problem in the adoption prob-
ability space as

maxmuze Z Z ( Z y](t Y +1In 1- ‘ui(t)) p,(t)

t=1 zeV jeN: 7 fu’(t)

(26a)
subjectto 0<pu.(t) <1, VieV,t>1. (26b)

In Theorem 6 below, we show that the concavity of
the objective function is preserved under the same con-
ditions for the dynamic pricing problem as the static
case. Thus, the approximate problem can be readily
solved. Further, using arguments in Section 3.3, one can
also derive a bound on the regret of this solution in a
similar fashion to Proposition EC.2 in Online Appendix
E.1. We skip the details for brevity.

Theorem 6 (Concavity of Dynamic Pricing Objective). The
objective function (26a) of the dynamic pricing Problem
(26) is concave in p when 0<p<6.25/[Amax(A +A")

cos (7))

Finally, we conduct numerical experiments on the
pricing problem. We begin by analyzing the static prob-
lem under two extreme scenarios: perfect price discrimi-
nation and uniform pricing. In both cases, we show that
gradient-based algorithms yield near-optimal solutions.
For the perfect price discrimination case, we extend our
experiments to the dynamic problem and compare the
results with static outcomes. Our findings reveal that
a myopic pricing strategy is suboptimal. The optimal
dynamic pricing strategy uses price to quickly guide con-
sumer behavior toward the limiting behavior and then,
stabilizes near the static optimum. Notably, during the
transient period, the optimal price tends to increase, indi-
cating that lower prices are used early to steer adoptions.
A more detailed discussion of the implementation and
results can be found in Online Appendices E.4 and E.5.

7. Conclusion
In this study, we focus on nonprogressive diffusion
on a social network. We tide over the issues of the lack
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of a general modeling framework and efficient algo-
rithms in previous studies. Specifically, we base it on a
general agent-based model incorporating local net-
work effects and adaptable to various utility functions.
We propose with a provable performance guarantee a
fixed-point approximation scheme that can accurately
and efficiently approximate the adoption behavior for
all agents and validate the results through extensive
experiments. We provide order-optimal bounds for
the approximation error and conduct a thorough anal-
ysis of its dependency with network structure. Finally,
we investigate the conventional optimization pro-
blems based on the fixed-point approximation.

We also view one of our contributions as proposing
a novel approach to studying the user behavior within
networks in a stochastic setting. In particular, there
are several directions for future research, in which our
method seems readily extendable. First, the adoptions
may not change in each period but last for several per-
iods in practice (e.g., a user needs to subscribe to Net-
flix for at least one month). It would be interesting to
investigate the limiting behavior in this scenario. Sec-
ond, this work only considers a binary-choice case,
where each agent only decides to adopt or not. It is
worth investigating whether similar results can be
extended to a multiple-choice case (e.g., not to sub-
scribe, to subscribe to a normal membership, or to
subscribe to a premium membership). Finally, the
local network effect is captured by the average adop-
tion of the in-neighbors in our model. It is promising
to consider the weighted average of in-neighbor adop-
tions where the network effect is asymmetric.
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Endnotes

1 Hereafter, we will refer to this as the nonprogressive LT model to
differentiate it from its progressive counterpart.

2 Although our primary results emphasize the limiting behavior,
they can also be extended to capture the entire diffusion process,
including transient behaviors.

3 The CDF of logistic(u; 0) is Fe(x) =1/(1 + exp{—(x — u)/c}).

“ For some highly structured symmetric networks, solving the sta-
tionary distribution is tractable (see Online Appendix D.2).

5 See https: //networkrepository.com /networks.php.

© Negative prices are allowed, meaning that the platform can subsi-
dize certain users, particularly those with a large influence on

the network. In such cases, the platform incurs losses for these custo-
mers to generate a larger overall profit, which is a common practice.
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