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Appendix A: Table of Notations

Table4  Summary of Notations

X: market size (total number of potential customers) c2: unit production cost of 1st-generation product

F(-): distribution function of X K2 : unit environmental impact of 2nd-generation product
Xi1: realized demand in period 1 ro: unit net revenue of remanufacturing for firm

X5 : market size of new customers in period 2 t2:  unit environmental benefit of remanufacturing

X3 : market size of repeat customers in period 2 es: unit total benefit of remanufacturing, es =12 + t2

V. customer valuation for 1st-generation product p1:  price for 1st-generation product

G(): distribution function of V', G(-) =1-G(-) Q1: production quantity in period 1

g(-):  density function of V' py :  price for new customers in period 2

h(:): hazard rate function of V, i.e., h(v) = g(v)/G(v) ps:  price for repeat customers in period 2

a: innovation level of 2nd-generation product 5 : production quantity for new customers in period 2
k: product depreciation 5: production quantity for repeat customers in period 2
c1: unit production cost of 1st-generation product d: discount factor for firm

K1t unit environmental impact of 1st-generation product | é.: discount factor for customers

Appendix B: Auxiliary Results

In this section, we present some auxiliary results in the NTR model and the model of social optimum. These
results are building blocks of our subsequent analysis. The proofs of these results are available from the
authors upon request. To begin with, we characterize the second-period equilibrium pricing and production
strategy in the NTR model. Let Q7(X5, X3) and Q7 (X5, X3) be the equilibrium production quantities for

new and repeat customers, respectively.

LEMMA 2. (a) For any (X3, X3), p5(X3, X5) = argmax,u-o 5 (p5| X3, X3), where 113 (p5| X3, X5) ==
X504 — )G () + X500t — )G ().

(b) For any (Xg,X5), Qu(X3,X3) =G (G20 Xz, and Qu(X3,X5) = G (G422 7.

(c) ps(X3, X73) is increasing in X5 and decreasing in X3 . Moreover, for any (X5, X3), py* < py(X3, X5) <

ps*, where the inequalities are strict if X5, X% >0..

Let II%(Q1]0.) (p}(Q1]d.)) be the expected profit (equilibrium first-period price) of the firm to produce
Q1 products in period 1 in the NTR model with customer discount factor J.. We compute II%(-|-) in the

following lemma.

LEMMA 3. In the NTR model, we have py (Q1]0.) = p+0.(0r(Q1) —ou(Q1)) and I (Q1]0.) = (mi (Q1]0.) —
SE(X A Q1) — (c1 — 8)Q1 + 6R5(Q1), where m3(Q1]0.) = p+ 0(BH(Q1) — Br(Q1)) + 0c(07(Q1) — 05 (Q1))s
Bu(Qn) :=E[os(ps (X5, X3))], Bu(Q1) :=E[05(ps (X3, X5))], and R5(Q1) = Efvg (p5 (X3, X5)) X] (X5 = (X —
Q1) and X5 =X ANQ1). Moreover, 3*(-) is increasing, whereas o (-), o“(-), B“(-) and R5(-) are decreasing

in Q1, respectively.
It is clear that 8“(Q:) and S*(Q:) are the expected second-period unit profit from new and repeat
customers in the NTR model, respectively, whereas m%(Q1|d.) is the effective first-period marginal revenue.

Be(4), B4(+), and m¥(-|-) are the counterparts of 8, 8, and m4(-) in the NTR model. The following theorem

summarizes the equilibrium price and production quantity (pi*(d.),Q4*(d.)) in the NTR model.
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THEOREM 11. In the NTR model, for any customer discount factor é., a unique RE equilibrium exists with
(a) QY*(d.) = argmaxg o 13 (Q1(0c); (b) pi™(6c) = p+6c(07 (Q17(0e)) — 07 (Q17(0e))); and (c) the expected
profit of the firm 113 (6.) = (my (Q1" (d.)[0:) — s)E(X A Qy*(0c)) — (c1 — 5)Q1"(6.) + OR3 (Q1"(6c)).-

Finally, we have the following lemma that characterizes the equilibrium second-period pricing strategy in

the model of social optimum.

LEMMA 4. (a) p? (X7, X5) =p™*

S

and pt (X3, X5) =pt*, where p™* =co + Ko and pi* =co —ro + Ko — La.
Hence, p?* > p=* if and only if ro >0 or 15 > 0.

(b) wa(Xy, X5) =0 X0+ 0 X5, where 05* =E((1+a)V —p™)t and o5* =E((k+ )V —p7*) ™.
Appendix C: Proofs of Statements

'Proof of Lemma 1: Part (a). Given (p4,p5) with p5 <p%, the ez-ante probability that a new customer

will purchase the second-generation product is G (ﬁi), whereas the probability that a repeat customer

will join the trade-in program is G ( ) Therefore, conditioned on the realized market size (X7, X7), the

kit
expected profit of the firm in period 2 is given by: Il (p, p5| X5, X5) := X5 (ps — c2)G (

1+a) XD (P — ot
ra)G () = X303 (p3) + Xgog(p), where v (p) = (v — c2)G(25) and vg(p5) i= (05 — ez +72) G(2E,).
We now show that v3(-) is quasiconcave in pj, and v3(-) is quasiconcave in p5. Note that ﬁpgvg(pg) =
*(pny::z)g(Ha)JrG( ) and apgvg(pg):f(%)g(HQ)JrG( ).Because h(v): (v)/G(v)

is continuously increasing in v, g( ffa) / @( Pi —) is continuously increasing in py and g(; +a) / G(

) is con-
tinuously increasing in p;. Hence, d,pv5 (p5) =0 has a unique solution p3* and 9,;v5(ps) = 0 has a unique
solution p5*. Clearly, for i =n,r, vi(-) is strictly increasing on [0, pi*) and strictly decreasing on (pi*, +00).
Therefore, Iy (-, | X5, X7) is quasiconcave in (pg,p5), and (p3 (X3, X5), p5 (X5, X5)) = (p3*, p5*).

It remains to show that ph* > ph*. Note that p3* satisfies (p%:__acz)g (1+a) /G( ) =1, and py*
satisfies (p2 kﬁj”) (HQ/G(HQ) = 1. Since k < 1, pg*;f;”? > p’%laoz, and the increasing failure

£2)16 (52) 2o () 6 (). o, (o) (32) 6 (52) >

) =1, and, hence, 9,;v5(p5*) < 0. Since vj(-) is quasiconcave, p5* < py*.

rate condition implies that g (
(2) o (#5) 16 (£
Part (b). Because all new customers with willingness-to-pay (1 + «)V greater than pj(X5», X7) = p5*

Xy =G (f_{;) X7. Analogously, all repeat

would make a purchase. Hence, Q3 (X3, X3) = E[X31{(11a)v>pp)

customers with willingness-to-pay (k 4+ o)V greater than pi (X7, X5) = p5* would make a purchase. Hence,
Q5 (X5, X5) = E[Xgl{(k-ﬁ-a)vng*} X;3l= G (k-‘,—a) X3
Part (c). Since mo(Xy,X3) := max{Il(p5,p5| X5, X35) : 0 < pi < p5}, it follows that (X3, X7) =

[max vy (p3)] X4 + [max vy (p5)] X5. To complete the proof, it remains to show that 8% = [max vy (py)] >0 and

B = [maxvs(ps)] > 0. It is straightforward to check that py* — ca > 0, G(

)>0 Py —ca+ 1y >0, and
G(k+a)>0 Hence, 8 = (p 702)6({{;)>0 and S = (py* 702+r2)G<

) ~0. Q.E.D.

Proof of Theorem 1: Part (a). This part has already been shown by the discussions before the theorem.

! Due to the page limit requirement, we only provide a sketch of the proof. The complete proof is available from the
authors upon request.
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Part (b,c). Plugging pi(-) into II;(-]-) and, with some algebraic manipulations, we have II;(Q:|d.) =
(m5(6.) — S)E(X A Q1) — (c1 — s)Q1 + IB:E(X). Therefore, Q3(d.) is the solution to a newsvendor
problem with marginal revenue m}(d.) — s, marginal cost ¢; — s, and demand distribution F'(-). Hence,
Qi(6) = P (8mm) and I 6.) = I Q3 (8.)16.) = (m3 (6) — )ECX AQ3(0.)) = (e1 — )5 (6)+ 08 E(X).
Q.E.D.

Proof of Theorem 2: Part (a). It follows from Theorem 1(a) that p;(d.) = pu + d.(cF — o) and
m;(8.) = p+8(8F — B) + d.(07 — o) are strictly increasing (decreasing) in 6, if oF > o7 (0 < 0%). By

Theorem 1(b), Q75(6.) = F*I(m;(l(s:;_s) is increasing (decreasing) in ¢, if and ounly if o > o (0F < o}).
Moreover, for any Q1 and any 0. > d., I1;(Q1]9.) — I1;(Q1]0.) = (0. — d.) (0 — o2 )E(X A Q1) > 0 if and only
if o > o7. Therefore, H;(SC) = maxTT,(Q10,) > max T, (Q4]d,) = 115 (6.) if and only if o} > o7;. If, on the
other hand, o} <o}, it follows immediately from the same argument that I15(d.) < I15(d.).

To show that o* > o7 (vesp. o < o7) if k € (k, k) (resp. k <k or k > k), it suffices to prove that if o is
increasing in k at k = ko, it is increasing in k when k < ky. o is increasing in k at k = ko implies that, for e > 0
and small enough, E[(ko + a)V — p5*(ko)]t > E[(ko — e + @)V — p5*(ko — €)] T, where we use p53*(+) to denote
the dependence of p5* on the depreciation factor k. Since 75 is concavely decreasing in k, p5*(k) — p5*(k —€)
is increasing in k. Therefore, for k < ko, E[(k + )V —p5*(k)|t > E[(k — e+ a)V — p5*(k —€)]t for € > 0 small
enough, where the inequality follows from E[(ko+ )V —p5* (ko)™ > E[(ko — e+ @)V — p5* (ko —€)]™ and that
p5* (k) —p5*(k —€) is increasing in k. Therefore, o is increasing in k for all k < kg. As an implication, we have
also established that o7 is quasiconcave in k. Hence, there exist two thresholds k and k, such that o > o
if and only if k € (k, k), and o < o if and only k <k or k > k.

Part (b). We first show (b-iii). By definition, 0“(Q;) — c*(Q1) = E[(k + @)V — py(X5, X3)|T — E[(1 +
a)V —py(Xy, X5)|T. Since k < 1 and py (X5, X5) € (p5*,p5*) (Lemma 2), 0%(Q1) —o“(Q1) <0 for all @ > 0.

By Theorem 11, p¥*(d.) = pt+ 0.(c“(Qy*(d.)) — o (QY}*(d,))) is continuously differentiable in d.. Since the
right derivative of p{*(-) at 0 is 95 p}*(0) = o1 (Q}*(6.)) — o (Q}* (6.)) < 0, there exists a positive threshold
dp > 0 such that p¥*(-) is strictly decreasing on [0, dg].

To show that Q1*(d,) is strictly decreasing in d., it suffices to show that I} (Q1d.) is strictly submodular on
a neighborhood of (Q1*(d.),d.). Direct computation yields 95 I1%(Q1(6.)[d.) = (o1 (Q1) — 03 (Q1))E(X AQ1).
Note that ¢%(Q1) — 0*(Q1) <0 and is decreasing in @, whereas E(X A Q1) > 0 and is strictly increasing
in Q; in a neighborhood of Qi*(d.). It follows immediately that 0 II%(Q1]d.) is strictly decreasing
in @, on a neighborhood of Q}*(d.). Therefore, I1}(Q:|d.) is strictly submodular on a neighborhood
of (Q1*(dc),d.) and, thus, Qi*(d.) is strictly decreasing in .. By the envelope theorem, 05 I1%*(d.) =
(0(Q17 (0c)) — o (Q1(6:)))E(X AQy*(0.)) > 0. Hence, I14*(d.) is strictly increasing in d..  Q.E.D.

Proof of Theorem 3: Part (a). By Lemma 2, pb* < p4 (X5, X3) < py* with probability 1. Thus, if @, >0,
oy =E[(k+a)V —py']" ZE[(k+ )V = p3 (X — Q)" X AQu)]* =07(Q1), and o7, =E[(1+ )V — p3*]* <
E[(1+a)V —ps((X = Q) X AQ1)]T =0u(Qn).

Part (b). By Theorem 1(b) and Theorem 11(b), for all §. > 0, pi(d.) — py*(d.) = d.JoF — o] —
8.[o7 (Q17(6.)) — 0 (Q1* (8.))] = bc[oy — o3 (Q1* (6.))] + [0 (Q1*(0c)) — o] > 0. Since Opy (E[(k+ )V —p3] ™ —
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E[(1+a)V —p3]*) =P[£ <V < 2] >0 and py” < p§(X3, X5) < pp with probability 1, o (Q4"(5.)) —
oL (Qi*(5.)) <El(k+ @)V — p5]* —E[(1+a)V — pi]* =E[(k+a)V — pj*]¥ — 0. Hence, p}(5) — pi(5.) >
O lor—or] =0 AE[(k+ )V —ps*|T —o:} =d.(07r —E[(k+a)V —p5*]T) for all §. > 0. It is also straightforward
to check that, for any d. € [0,6] and Q1 >0, I1;(Q1[6.) > IT}¥(Q1/d.) for all @, >0 and §. € [0,6]. Therefore,
1T} (0.) = maxq, Iy (Q1]d:) > maxq, ITF(Q1]d:) =" (d).

Part (c). Note that II;(Q1]d.) = (m3(0.) — s)E[Q1 A X] — (c1 — s)Q1 + B2 E[X]. By the proof of Theorem

2(a), it is easy to check that, if m3(d.) = p+96(8F — 8)+d.(0r — o) is increasing in k at k = ko, it is increasing
in k for all k < k. In other words, mj(d.) is quasiconcave in k. Furthermore, since ¢; is convexly decreasing

in k, following the same argument as the proof of Theorem 2(a), direct computation yields that the critical

c1—s
mI (8e)—s

k, and, therefore, there exists a K such that Q7(d.) is increasing in k if & < K, and decreasing in k if k > K.

c1—s
mi‘ (8e)—s

fractile

is decreasing in k at kg, so it is decreasing in k for all k < kq. Thus, is quasiconvex in

Next we show that H} (d.) is also increasing in k when k < K and decreasing in k when k> K. It is clear

that K = argmin, {mf(ls’)is] Since ¢ is convexly decreasing in k, for any realization of X and production
HO

quantity Q, = Q;(6,) = F~! ( A2 ), (m5(6.) — $)(Q1 A X) — (c1 — s)Q1 is increasing in k for k < K,

mf (50)_5

and decreasing in k for k > K. Therefore, 11}(d,) = E[(m] (d.) — 5)(Q7(dc) A X) — (c1 — 5)Q7 (0) + B, X] is

increasing in k¥ when k£ < K, and it is decreasing in k£ when k> K.

Part (d). Since p;(d.) = pu+0.(07 — %), |0xD;(0.)| = 8.|O0x0|, which is clearly increasing in 6.. Q.E.D.
Before showing Theorem 4, we first prove Theorem 5 and Theorem 6.
Proof of Theorem 5: Part (a). Since Qji(-) and Q¥*(-) are continuous in §., it suffices to show

that Q7(0) > Qy*(0). We first show that my(Q1|0) is decreasing in ;. Observe that mi(Q:|d) =
401U, (Q1) = Un(Qu)], where Uy(Qu) i=E | (p3 (X5, X5) — )G ((EUEAE ) [ L B((k+ )V — py (X5, X5))*,

k+a
and Un(Q1) = E [(p8(X5, X5) — 2)G (HEGEX) | 4 B((L + )V — p§(X3, Xp)*. Let w,(p) i= (0 —
CQ)G’(HL&) + E((k + )V —p)T =E[(k + @)V — ca]l{ta)vsp and u,(p) :== (p — CQ)G'(HLQ) + E((1+

a)V —p)t =E[(1+ &)V — c2]l{14a)vspy- It’s clear that w,.(-) and w,(-) are continuously decreasing in
p. Moreover, U, (Q1) = Elu,(py (X5, X5))] and U,(Q1) = Elu,(py (X7, X7))], where X7 = (X — Q)T and
X5 =X A Q. Since py(X2,X?5) is increasing in X7 and decreasing in X35, it is stochastically decreasing
in @;. Hence, it suffices to show that u,.(p) — u,(p) is increasing in p. Observe that w,(p) — u,(p) =
—[f;/(1+a)((1 + @)V — max(p, (k + a)V))g(V)dV], which is continuously increasing in p. Therefore,
my(Q1]0) = p+8(U(Q1) —Un(Q1)) =+ 0{E[u, (py (X7, X3)) — u,(p5 (X5, X5))]} is continuously decreasing
in Q.

We now show that m}(Q1]6) <mj(d) for all Q. Observe that my(Q1|5) —mi(0) = dE[u,. (p4 (X5, X5)) —
. (p5*)] — 0E[u,, (py (X5, X5)) —u, (p5*)]. Because p5* < py (X3, X7) < p5* and ,.(-) and u,, () are decreasing in
P, B[, (p(Xg, X)) — u,(p*)] < 0 and 6E[u, (9§ (X5, X5)) — w, (p§")] > 0. Hence, m§(Q4]6) < m3 (8). Since
k<1, pb* < p5*, one of the inequalities E[u, (py (X3, X3)) — u,(p5*)] <0 and E[u,, (p5 (X3, X7)) —u,(p3*)] >0
must be strict. Therefore, m%(Q1|d) <m3(d) for all @1 > 0.
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Next, we show that Q7 () > Q{*(0). Observe that I1%(Q1[0) —I1;(Q1]0) = (m{(Q1(6) —m(6))E(X A Q1) +
OF [ (p5 (X3, X) — )G (BGE22) - 7] X Tet T(Q1,1) = T1,(Qu]9) and TI(Q:1,0) = IT5(Q4]9). Then,

Q1 1) — THQ1.0) = (mr3(5) — m(QuI8)ECX A Q) + GE[B; — (05(X3. Xp) — )G (ECLXD )X Since
mi(6) >my(Q1]0) and m¥(Q1]0) is decreasing in Q1, (m3(0) —m¥(Q1]|9))E(X AQ1) is increasing in Q;. Also
note that p%(X2, X3) and thus (p%(X5, X5) —co)G (W) is decreasing in @;. Therefore, II1(Q1,1) —
I1(Q1,0) is increasing in Q. Hence, II(-,-) is supermodular on the lattice [0,+00) x {0,1} and Q}*(d) =
argmax g, o [1(Q10) < argmaxg, .o 1L/ (Q1]6) = Q3(6). Since mi(5) > mi(QI ())0). O, IL(QI(B)]6) >
0q, T} (Q1*(0)|6) = 0. Since TI¢(-[6) is concave in Q1, Q7(6) > Q7*(d). Due to the continuity of Q7(-) and
Qy*(+) in 4., there exists a threshold &, < § such that Q%(d.) > Q4*(d,) for all § > 6,.

Part (b). We first show that m¥(Q1|0) is increasing in Q1. Note that m}(Q1]0) = u+6(84(Q1) — B4 (Q1)).
By Lemma 3, 8%(+) is increasing whereas 5“(-) is decreasing in (). Therefore, m}(Q1]0) is increasing in Q;.

We then show that there exists a threshold Q; such that m¥(Q1|0) >mZ(0) (m¥(Q1]0) < m(0)) if Q; > @,
(Q1 < Q). Let 57 = max,so 05(p) = limg, 400 8(Q1). Since k < 1, 37 := vp(p5*) < B2. Tt is clear that 87 — 37
is increasing in ry, with 8 = B: if ro =0. Let 72 > 0 be the threshold such that 8} — ﬁ: =0 — 6;. Hence,
B — B < B2 — f3 for all 7y < y. Moreover, by the monotone convergence theorem, limg, _, 4o m*(Q1]0) =
A4 O[us(py) — vp (957)] = p+ (37 — B2] > u+8[87 — B2] = m3(0). Since m¥(Q1)0) is increasing in Qy, there
exists a threshold @Q; such that m¥(Q,]0) > m3(0) (m¥(Q1]0) <m3(0)) if Q1 > Q1 (Q1 < Q1).

Now we show there exists a ¢, >0 such that, if ¢; <c¢,, Qi(0) < Q¥*(0). It is clear that Q4*(0) + X and
Q:(0)1 X as ¢; 10, where X is the upper bound of the support of X (X may take the value of +00). Hence,
there exists a threshold ¢, > 0 (dependent on 73) such that if ¢; < ¢,, Q¥*(0) > Q; and Q%(0) > Q;. Let
72(Q1) := 0E[vy (py (X5, X5))X], where X7 = (X —Q1)" and X7 = X A Q1. It’s clear that 3(-) is differ-
entiable and, by the chain rule 75(Q1) = 0E[0,v5 (p5 (X5, X5))(Oxpp5 (X5, X5) + Oxsp5 (X5, X5)) x>0, X]-
As Q1 — X, for any realization of X <X, Oxpp(XJ, X3) and dx;py(X5, X3) converges to 0. Hence, by the
dominated convergence theorem, there exits a threshold Q € [Q1,X), such that 75(Q;) € [~eP(X > Q,),0]
for all Q, > Q, where € := (m%(Q) —m})/2 > 0. Let & (r5) € (0,&(r2)] be the threshold such that, if ¢; <
& (r1), we have Q%, Q% > Q > Q. Therefore, dg, IT,(Q¥*(0)]0) = (m;(0) — r1)P(X > Qv (0)) — (¢1 — 1) <
(M3(QE(0)10) — r)P(X > Q1*(0)) — €B(X = Q1°(0)) — (1 — 11) < (mE(QE(0)]0) — r)P(X > Q1 (0)) +
75(Q1*(0)) — (c1 —71) < 0g, I} (Q1(0)|0) = 0, where the first inequality follows from m{ (Q7*(0)|0) —m;(0) >
(m¥(Q|0) —m3(0)) = 2¢ > ¢, the second from 5 (Q%*(0)) € [—eP(X > Q%*(0)),0], and the last from the mono-
tonicity that mj(-|0) is increasing in @;. Because II;(-|0) is concave in Q1, Q7 (0) = argmax,, I1;(Q:|0) <
Q7*(0) follows immediately. Since Q7(d.) and Q7*(d.) are continuous in 4., there exists a threshold §, such
that Q3 (0.) < Q1*(d.) for all 4. €[0,9,).

Part (c). By Theorem 2, Q;(d.) is strictly increasing in ¢, if o > o, whereas Q¥*(d.) is strictly
decreasing in .. Therefore, §, =6, if o7 >07,.  Q.E.D.

Proof of Theorem 6: Part(a). A straightforward algebraic manipulation yields I7(é.) = I.(Q7(d.)),
where Ie(Ql) = KJlQl + {552@(:_{;) —6526(5%:;) —(SLQG(:_%_;>i| ]E(X AN Q]) + (SKJQG (fﬁ;)E[X] If

* “k

L ) +8(ko — 12)G (Ha)} P(X >

P3
1+

'3
o<

K1 > (5@@(%’%2), it is easy to check that I'(Q3(d.)) > [I'il —6@@(
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Q7(0.)) > 0 where the first inequality follows from P(X > Q7(d.)) < 1, whereas the second inequality follows

from the assumptions that k; > koG (fﬁ;) and Ko > to. Thus, by Theorem 2(a), if oF > o, Q3(d,.)

is strictly increasing in 6., so is I*(0.) = I.(Q3(d.)); if oF < oF, Qi(d.) is strictly decreasing in 4., so is
I*(6,) = I.(Q%(8.)). Furthermore, by Theorem 2, ¢ > o7 if and only if k € (k, k), and o7 < ¢ if and only if
k<kork>k.

Part (b). As shown in part(a), I (4.) is strictly increasing in Q73 (d.) and, by the proof of Theorem 3(c),
Q7 (0.) is increasing in k when k is small, and decreasing in k& when k is big. Therefore, with the same
argument as Theorem 3, we know I*(d,) is quasiconcave in k, and thus there exists a threshold K., such

that I*(0.) is increasing (resp. decreasing) in k for k < K, (resp. k> K.). Q.E.D.

Proof of Theorem 4: Part (a). Since §. > §,, Theorem 5(a) implies that Q1 (5,) > Q*(6,). Now we
compute I**(,.). Given the market size (X%, X3), the equilibrium total second-period production quantity,

Qu(Xy,X3), is given by Qu%(Xy,X3) = X2G (%) + X3G (%) Therefore, following the

same argument as in the proof of Theorem 6, we have I**(d,) = E{x1Q}*(0.) + dr2Q45(X5*, X5*)} =
QY (6) + B[ (0naC (BN ) — ok, (MO ) ) (XA QY (5)] + oo |G (LD x ],
where X7* = (X — Q¥*(6.))" and X7* = X A Q¥*(4.). For any 0., I7(d.) is strictly linearly decreasing in

to. Thus, let 7, := max{io : I*(d.) > I"*(6.)}. We have I*(d,) > I3*(d,.), if 12 < 7.. In particular, if 12 =0,
Qi(0.) > Q4 (8.), Py < p3(-) < pi", and w1 > 0roG () imply that 1,5 (5) — 20)| Bx A

Qi(0.))+0maG (15 ) EIX] > Q1" (6.) ~E |5kaG (%)} (X AQY*(6.) + 6, | G (A=) ),
and 0k.G ( p5” ) E(XAQ3(0.)) >E [5K2G (%) (XA Q“*((SC))] Thus, for 15 =0, we follow the same

argument as the proof of Theorem 6 to establish that I*(d.) = k1Q%(0.) — |:5I£2G (Ha)] E(X AQj(d.)) +

[X] + 6raG (£ ) E(X A Qi(8) > mQY(6.) — E [droG (EEEED) (X A Q1(6.)) +
SkoE [é (“Xij)) X} + E [6rsG (M@)E(XAQW@)] = [*(5,), ie., I*(6,) > I*(5,) for

it k+
Lo = 0. Therefore, 7, > 0.

Part (b). Since . < J,, Theorem 5(b) implies that Q7(d.) < Q{*(d.). Lemma 2 implies
that py" < py(,7) < py". Hence, mQi(d.) + kG (£ ) (EIX] — E(X = Qi(0)"} < mQy(d,) +
5@1@[ (%)X—(XAQ;‘*((SC))*}. Let . = (G(E) — GED))R/GEL) < ky If

k+a
> e Q6 > Qi) ad B < BiG) < B E [omeG (D) Q1 (5 A X)] >
[6(/427@)@(32)]]& 1"(6c) N X) > [6(527@ (Ha)} A X). Putting everything together,

if 1 > i, we have that I*(5.) = mQY(5.) + 652E[@(W)X7(X/\Q?*(6c))+] n
E[omG (MEEEN @160 A X) > mQiG) + omG (B {EIX] - E(X - Qi@)T} +

E{ [(mz ﬂg)é(m)] (Q%(6.) A X)} = I (5.). This shows part (b). Q.E.D.

Proof of Theorem 7: We first derive S*(d.) and S“*(d.). Let aj(d.) and a*(d.) be the in-stock
probability in the base model and the NTR model, respectively. The expected surplus of a customer
with discount factor J, in the base model is given by: aj(0.)(u — pi(0.) + doi) + (1 — a3(0.))d0; =
a;(8)(—p—0.(0r —or)+007) + (1 —a;(6.))00% = a;(6.)(0 — 0.) (0} — 0%) + b0, where the first equality

follows from pj(d.) = p + 6.(0F — o). Therefore, the equilibrium total customer surplus is given by
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S*(8.) =E[(a5(0.)(0 = 8.)(0r —0k) + d0r ) X]. Analogously, the expected surplus of a customer with discount
factor ¢, in the NTR model is given by: a*(d.)(un — p4*(0.) + do*(Qy*(0.))) + (1 — a(4.))do(Q¥*(4.)) =
a’(0)(0 = 0) (e (Q4*(8.)) — o (QYy*(0.))) + do“(QYy*(0.)). Therefore, the equilibrium total customer surplus
is given by 5;7(6.) = E[(a7(6:) (6 — 0c) (07 (Q17(0c)) — 0,,(Q17(0c))) + 07, (Qy(6c))) X].

Next, we show that S*(d.) < S**(6.) for 6. > 0,. Note that, when ., = 6, S*(d.) = 0E[o:X] and
Su*(8,) = 0E[c*(Qy*(d.))X]. By Lemma 2(c), of < o¥(Qv*(d.)). Hence, it follows immediately that
Su*(0,) = 0E[c“(Qv* (6.))X] > 0E[o* X] = S7(d.) for 6. = 4. Since Sx(d.) and S“*(.) are continuous in J.,

there exists a threshold &, < ¢ such that S**(8,) > S*(6,) for 6. € (4,,8]. Q.E.D.

Proof of Theorem 8: Part (a). It follows from the same argument as the proof of Theorem 1(a)
that, p;*(0.) = p + 0.(02* — 02*). Let W,(Q1]|0.) denote the expected total social welfare with first-period
production quantity @; and customer discount factor é.. To compute W,(Q1]d.), Since wq(X5, X3) =
o X5 40,7 X5, we have W (Q1]6:) = pi™(0)E(X A Q1) + (1 — pi™(6:) ) E(X A Q1) — (e1 + £1)@1 + sE(Q1 —
X)T + 0B {wa(X — (X AQ1), X AQ1)}=(mi —s)E(X AQ1) — (1 — s+ k1)Q1 + 663 E(X). Therefore,

#*(9,) is the solution to a newsvendor problem with marginal revenue m3;* — s, marginal cost ¢; + k1 — s,
and demand distribution F(-). Hence, Q5*(6,) = F ‘1(817:;%’55), and the equilibrium social welfare is
W2 (6.) = Wa(Qi (6.)16.) = (m3* — sYE(X A Qi (5.)) — (e + 1 — $)@5"(6.) + 60 E(X).

Part (b). It follows immediately from part (a) that pj*(d.) = p+9.(03* — o2*) is strictly increasing (resp.
decreasing) in 6. if and only if o2* > o2* (resp. 0* < ¢2*). Note that, by part (a), o* =E[(k + a)Va —
¢2 — Ka + €3], where ey :=r3 + 1. The same argument as the proof of Theorem 2(a) implies that if o3*
is increasing in k at k = ko, then ¢°* is increasing in k for all k < ky. Hence, ¢2* is quasiconcave in k. Let
k, :=argmax, 05" > 02 and k, := argmax, 0°* > 0*. The quasiconcavity of 0* in k suggests that o5* > o2
if and only if k € (k,, k.), and 0* < o5* if and only if k < k_ or k > k,. Since m3* is independent of §., Q3*(J.)
is independent of §, as well. As a result, W (d.) = (m5* — s)E(X AQ3*(0.)) — (c1 + k1 — $)Q5* (6..) + 00 E(X)
is independent of d..

Part (c). The same argument as the proof of Theorem 3(c) demonstrates that <-tx—=
1

—* is quasiconvex in k.

Let K, :=argmin, [M} . We have Q5 is increasing in k for £ < K and decreasing in k otherwise. Since

s* _
my s

c1 is convexly decreasing in k, for any realization of X and production quantity @, = Q3* = F~! (%),
1

(m5* —8)(Q1 A X) — (1 + K1 — 8)Q1 is increasing in k for k < K, and decreasing in k otherwise. Therefore,

Wr=E[(m;* —s)(Q5* ANX) — (c1 + k1 — 5)Q5* + 00:* X] is also increasing in k if £ < K, and decreasing in k

otherwise. Q.FE.D.

Proof of Theorem 9: If s3(d.) is the solution to p}* = argmax,n-(p3 + s2 — c2)G (%), it is clear that
the subsidy/tax scheme with s; = s%(d.) can induce the equilibrium price p?* for new customers. We now

show that s3(d.) exists. Since v (p5) is quasiconcave in p3 for any ss, the first-order condition d,yv3 (p3) =0

: : «\ _ o~ pd” e +sa—ca pe”
guarantees the optimal price for new customers. Moreover, 5‘pgv§(p: ) =G (H—a) S S (1 +&>,

which is strictly decreasing in s,. Hence, there exists a unique s5(d.), such that 9,z v5 (p2*) =0, thus inducing

the socially optimal equilibrium price p™* for new customers.



Zhang and Zhang: Trade-in Remanufacturing 37

If s7(d.) is the solution to pi* = argmax ;o (p5 + s5(dc) + s, —c2 + 79)G (,ﬁ%), the subsidy/tax scheme
with s, = s%(d.) can induce the equilibrium trade-in price p7* for repeat customers. We now show that s*(d,)
exists. Since vj(p}) is quasiconcave in p, for any (s2, s,), the first-order condition 9,;v5(p5) = 0 guarantees the
optimal price for new customers. Moreover, if 55 = s3(9. ), 9, v5(p.") = G (,i_—l) — pg*+s;(5z)++:r—(:2+r2 g (,ﬁ—l) )
which is strictly decreasing in s,.. Hence, there exists a unique s;(d.), such that d,;v5(p.*) = 0, thus inducing

the socially optimal equilibrium trade-in price for repeat customers p.*.

Given the subsidy /tax scheme (s1, s5(d.),s%(d.)), as shown above, the firm adopts the same second-period
pricing strategy as the social welfare maximizing one: (p™*,p"*). Hence, the first-period price should also be
the same as the one that is socially optimal: p;*(d.) = p+ 0.(c5* — o2*). Thus, the expected profit of the firm

in period 1 is T15(Qu]0.) = (3 (s1]8.) = $)E(X A Q1) = (e — 5)Qu + (01" + 55(5.) — e2)G ( £ ) E(X), where

ms (s1]6.) = P37 (8.) + 6[(kz + 85(8.) + 57(0) — 12) G(£=) — (ka + 85(8.))G(£)] + 51 Thus, IT3(Q4]8.) has a

unique optimizer F‘l(ms(iﬁ). Moreover, as shown in Theorem 8, Q{*(8.) = F~!(<:£===). Therefore,
1 c)— 1

c1—s __c1+Kr1—s
m‘lg(sl|§c)—s mi*—s ’

subsidy/tax scheme s(d.) = (s7(dc),55(d.),5:(dc)) is Qi*(d.), which is the socially optimal first-period

< r

if s7(d.) is the unique solution to the optimal production quantity with the linear

production quantity. Q.FE.D.

Proof of Theorem 10: Part (a). Under the optimal subsidy/tax policy s;(d.), the firm’s profit is
I (80) = (pi (60) + 55 (80) — S)E(QE" () A X) — (e2 — $)QF"(5) + SE(X A Q3" (0.))(k + )T (2552552 4 GB(X —
PO () (522) = (G255 mi - ) ) E(X AQT (8) — (1 — )Qi"(6:) + SE[X](1 4 ) (5122, where

we plug in si(0e) = —S=5 (m$* — 8) + 5 — p — de(07* — o) + 8(k + ) J (%) - 5(1—|—a).](621i722), with

c1+Kr1—s

J(x) := G(x)/h(x). It follows immediately from its formula expression that II3*(d.) is independent of 4.
Part (b). It’s clear that JE[X](1 + «)J (%) is independent of the depreciation factor k, whereas
(ﬁ(mi* - s)) E(X AQ5*(0.)) — (c1 — $)@Q3*(.) is a constant proportion of the optimal social welfare
that is influenced by the production decision (i.e., (m* —$)E[X AQ5*(d.)] — (c1 — s+ £1)Q5* (6.)). By Theorem
8(c), (m5* —$)E[X AQ5*(6.)] — (e1 — s+ k1)Q5* (.) is increasing in k for k < K, and decreasing in & for k > K,
i.e., W} is maximized at k = K. Therefore, the firm’s profit under the subsidy/tax scheme s} (d.), I13*(d.), is
maximized at k= K, as well. In other words, if the firm has the flexibility to control the depreciation factor

k (equivalently, the remanufacturing efficiency), it will set the socially optimal one K, under the optimal

government policy s;(d.). Q.E.D.



